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2.
ABSTRACT
An experimental and theoretical investigation is reported
on the asymmetric, quasi-parallel flow of turbulent incom-
pressible fluids.
The experimental programme consisted of providing detailed
measurements of mean and turbulent characteristics of the
fully developed flow in a plane channel having one smooth
wall, while the other was roughened by transverse square ribs.
The dissimilar wall conditions imposed a strong asymmetry upon
both mean and turbulent flow fields bringing into prominance
several interating features that are concealed in the symmetric
flow situations.
The theoretical investigation concerned the provision of
a procedure capably of accurate prediction of strongly asymmetric
quasi-parallel flows. The research was concentrated upon the
physical aspect of the problem, that is the establishment and
testing of an approximate closed set of the transport equations,
sufficient for the accurate description of the considered flows.
Two physical models have been explored, both of which used the
Spalding-Patankar numerical method for the solution of resulting
equations. The first model, based upon the extension of Kolmogaa
Prandtl eddy viscosity formula was tested in plane all-smooth
and smooth-rough channels. It showed several deficiencies and
was subsequently discarded.
A second model was established that is described by a
closed set of four partial differential equations for conserva-
tion of mean momentum, turbulent shear stress, turbulent kinetic
energy and its clissipation. This model was extensively tested
3.
is several types of duct flows, wall boundary layers and
quasi-parallel free flows. With a single set of empirical
constants, the model yielded predictions of various flow
properties which were in good agreement with experiments.
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CHAPTER 1
1. INTRODUCTION 
1.1 The Problem Considered: Background, Motivation and Objectives
Detailed experimental examination of the structure of
turbulent shear flows has until recently been concerned with
comparatively simple cases. In internal flows, for example,
between 1950 and 1965 a number of workers made detailed measure-
ments of fully developed flow in a circular-sectioned pipe and
in a plane channel with symmetric boundary conditions; but no
studies of equivalent depth were made in more complicated
geometries. This focussing of attention on equilibrium, symmetric
flows was clearly sensible since the nature of some of the
properties of turbulent flow could most easily be deduced if
the influence of others was absent or small.
Prior to 1965, practical theoretical approaches to the
problems of turbulent flow drew very little on the features
of turbulent motion uncovered in the above studies. Instead,
simple rules were devised for relating the turbulent fluxes
appearing in the mean-flow transport equations to properties of
the mean flow. Again the reason is understandable: for boundary
layer flow the only viable approach to the solution of the
Rgynolds equations was by integral profile techniques which
entailed the downstream solution of ordinary differential equa-
tions for certain "integral" properties of the flow. With
such crude mathematical weapons available there was little
incentive to take more accurate account of the physics.
In the past few years a number of general finite difference
procedures have been developed for two-dimensionalfluid flows. These
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procedures enable the governing partial differential equations
to be solved to any reasonable degree of accuracy. For
turbulent flow, therefore, the essence of the problem was thus
reduced to prescribing a closed set of equations which would
adequately account for the flow processes of interest - that
is of devising a suitable turbulence model. The advent of
these general numerical procedures has meant that there is no
practical necessity to confine attention to unrealistically
simple models and there has recently been considerable activity
aimed at providing mathematical models of turbulence of more
general validity than those which had hitherto been employed.
It is in the nature of the turbulence problem that the
development of more universal models must draw heavily on
experimental data of one sort or another. In this respect,
the detailed experimental studies referred to above were not
entirely suitable. They had been concerned with simple flows
and any model devised from them could be expected to display
deficiencies when applied to the more complex flows which
arise in engineering practice. It was clearly desirable that
comprehensive turbulence measurements should be made in flows
which, in at least one respect, were substantially more
complicated than those which had previously attracted attention.
It was against this background that the objectives of the
research, reported in this thesis were conceived. Strong
asymmetry of the flow was the aspect of the problem chosen
for study, which had been absent from previous investigations.
Particular emphasis was placed on asymmetric flows where
the characteristic flow properties exhibit stationary values
13.
because it is these flow situations where some of the
structural flow features, that are concealed in simple flows
by virtue of symmetry or some other constraint, become
prominent.
Asymmetric flows appear in many practical situations
where the technological requirements impose dissimilar
boundary conditions. The nonuniform distribution of roughness
and porosity and unequal curvatures of solid surface bounding
the flow are some examples of such conditions.
The research programme undertaken was equally balanced
between theoretical and experimental components. For the
latter, the particular flow considered was the fully developed
flow of an isothermal fluid between parallel planes in which
one wall was smooth and other rough. The objective of the
experiments was:
(i) To measure the mean flow and other characteristics which
were of direct engineering interest.
(ii) To measure such properties of the turbulence field as
would enable a deeper insight into the general structure
of such asymmetric flows.
(iii)To provide data to enable direct testing of some of the
hypotheses implied in the theoretical approach.
For the theoretical programme the research objective was
the provision and verification of a turbulence model of
sufficient generality as would enable accurate predictions to
be made of strongly asymmecktic two-dimensional flows.
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1.2 Outline of the Thesis 
The thesis consists of five chapters, the first of which
is the Introduction.
The second chapter introduces some fundamental notions
and discusses possible approaches to the investigation of
turbulent shear flows. It covers the basic equations and dis-
cusses, through a literature survey, some specific features of
shear flow turbulence, that are relevant to the flow situations
considered in the present work.
The main outcome of the present research is presented
in chapter 3 and 4. Chapter 3 deals with the experimental
programme, covering the measurements of the main properties of
the mean and fluctuating motion in a plane channel. A brief
discussion of the preliminary measurements in a plane smooth
channel is first presented, followed by a detailed discussion
and presentation of the main experimental programme undertaken
in a plane channel with one smooth and one roughened wall.
Chapter 4 is devoted to the theoretical investigation
concerning the predictions of asymmetric, quasi-parallel
turbulent flows. It starts with a brief discussion of the
problem in general and survey of the methods reported in
the literature. This is followed by a description and
presentation of the particular methods, devised and tested in
the present work.
The main conclusions and the recommendations for the
future work are presented in the closing chapter 5.
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CHAPTER 2
2. RELEVANT PRELIMINARIES 
2.1 Outline of the Chapter 
The early idea of Reynolds for decomposing the instantan-
eous velocity field into its mean and fluctuating components
still remains the only practical approach to the analysis of
turbulent flows. As such, the approach brings into prominence
the concept of properties of the mean motion and that of the
fluctuating motion with their distinct characteristics. A
knowledge of the overall behaviour of the mean flow is the
primary pratical research objective, but the strong mutual
interaction of the mean and turbulent motion imposes the
necessity for their simultaneous investigation.
This chapter discusses some particular aspects of both
the mean and the turbulent field that pertain to later sections
of the thesis. The governing equations and the basic notions
are presented to provide a relevant background for both the
experimental and theoretical investigations.
Firstly, section 2.2 displays the equations of mean
metion and turbulent stresses and energy for a quasi-parallel
turbulent flow. In section 2.3 practical implications of the
mean flow properties are discussed briefly. Some features of
shear flow turbulence, considered to be of a particuDir interest,
figuring therefore prominently in the chapter 3, are discussed
in section 2.4. Finally, section 2.5 deals with the spectral
representation of turbulence. The experimental methods, their
interpretation and limitations are considered. The section
closes with a discussion of practical utilisations of the
spectral measurements.
axi
a(u. + u.)1	 1 
=0 (2.1)
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2.2 The Governing Relations 
(i) Equations of motion 
The basic equation for the conservation of mass and
momentum of a turbulent incompressible fluid, in Cartesian-
tensor notation may be written as follows:
a(U.+u.)
	 a(U.+u4)	 62(U.+u.)
+ (Uk+uk ) 1 -	
1
-a-(P+p)1 at	 aXk	 p aX.1
(2.2)
The fl9w in the entrance region of a two-dimensional
duct belongs to a boundary-layer class of flows, thus a
relevant approximation for the time averaged flow yields the
following equations for the momentum components:
DU1 	 bu1,	 aul	 6 u1u2	 1 a13 
Dt	 aX2 v7 	 aXi	 aX2 	 p
DU2 	au1u2	 au2
	
2	 1 aP 5E = aXi 	aX2	 p ?X2
(2.3)
(2.4)
where D -U-a-- + 1J 1-2-	 (2.5)Dt	 at	 1aX1	 2
Sufficiently far from the entrance, the flow reaches the
fully developed state with velocity field invariant in the
streamwise direction. Here the flow is essentially one-
dimensional, and is characterised by the fdllowing conditions:
aX1 = 0 • U2 = 0
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Hence, the equations of motion are simplified to the
form:
1 -112- = 0_ u lu2 ) - - -
P	 1aX2 a,X2
iLT!- 2.1L-y =0X2	p a-2
(2.3a)
(2.4a)
The independence of the streamwise pressure gradient from the
lateral position (deducible from equation 2.4a) makes equation
(2.3a) directly integrable. With the application of the
boundary conditions for the impermeable wall:
Wi Tw
at X2 = 0 Ul = 0 u1u2 . 0 ui = 0 P Pw v ,x =
aUl
	° 2
	
and at X, = y n
9	
Tip =
	
121112x
2 
-	 = 0 74	 TU 
the integration of the equation (2.3a) and (2.4a) yields:
(2.5)
'TO
Tw
X 	 dU2	 1(1 -	 ) = "dX2 	u U2	1 2TO
P = P 
—pU2W	 2
(2.6)
(2.7)
= 
TW
Xi
In the above equation y T0 represents the position in the
flow where the total shear stress is zero (not necessarily
coincident with zero positions of the viscous or turbulent
shear stress, ym & y
o
 respectively).
Relationships (2.5) and (2.6) enable the wall shear stresses
to be calculated from the measured pressure gradient and y70;
this method has been utilised in the present experimental work.
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The above consideration is relevant to channels with
both smooth and rough walls. In the latter case, however,
depending upon the type of roughness, the local flow mechanism
in the proximity of the rough wall may not fully satisfy the
"boundary layer type" requirements. Large scale roughness
causes inevitable flow recirculation in the wake zone of the
roughness elements, where some of the neglected terms in the
above equations become important. Thus the shear stress
profile departs from the linear distribution given by the
equation (2.6).
(ii) Turbulent stress and energy equations 
The four non-zero components of the kinematic turbulent
stress tensor for quasi-parallel flows are governed by the
conservation equations listed below. They may be derived from
equations (2.1) and (2.21.
1	 2	 3	 4	 5	 6
	
aU,	 Du2	 12.0
	
_L	 1	
- au -12--	
v 1	 ul
2(u1u2	 +aX2	1aXi
)	 -	 -Dt	 aX2 1 2	 p lbX1
	2V(ax 1
6 2
(2.8)
	
aU2
	D	 b113
217	
—uF,	 2	 2 ap_	 2.1.717	 au2
	
2aX2	Dt	 ax2 	 p 2ax2
	+ 2 v( aX )--- 22 
(2.9)
(2.10)
UT 1 -2aX2 =
Du1u2
Dt
aulu
aX2
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— (u	 + u	 ) +	 X	 — 2v( aX 	`)1aX2	d 2 	 aX2AX1 	 t	 t
(2.11)
The terms in the equations above are arranged so to display
the similarities (right hand side) and differences (left hand
side) between the various stress components.
The terms (1) on the left of the equality sign represent
the generation of the turbulent stresses due to the mean and
turbulent flow interaction. The generated stresses are then
convected by the mean motion (2) and diffused by the turbulent
motion (3), redistributed among the components and transported
by the action of the fluctuating pressure (4), and, finally
diffused and destroyed by the action of the viscous forces-
terms (5) and (6) respectively.
The sum of the equations for the three normal stresses
yields the equation for the mean turbulent kinetic energy per
unit mass, e 0.5 (7.	 + 1711)s, written in a more conventional
form:
u1)-57- - —3—TT7177— — vat-3-v(11i)2
Diffusion	 Dissipation
(2.12)
Here further simplifications have been introduced by the use of
apui
• For convenience, fluctuating turbulence energy is denoted
by e', and the time averaged one by e.
aulaul
-Dt = -u1u2
	
+aX2
	
2
Generation
De
bX2	 2	 aX2, 
W
the continuity equation and by ne§lect of the terms AX1
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Equations (2.8) - (2.12) indicate that the turbulent-
mean flow interaction is manifested almost solely through
the generation of the X1-component of the normal stresses
and has little or no direct effect upon the other two components.
The covariance of the fluctuating pressure and strain-rate
(the sum of which is zero from incompressible fluid - hence
its absence in the kinetic energy equation) fulfil the role
of "generating" the stress in other two directions.
The first generation term in equations (2.8) and (2.12)
is by far the largest generation term. In "simple" equilibrium
flows the turbulent shear and the mean rate of strain are fairly
closely related and usually of the same sign, yielding the pos-
itive generation of the normal stresses and thence turbulent
kinetic energy. In more general situations, however, the stress
and strain fields are more losely connected, and there may be
regions in the flow where the generation of the turbulent
kinetic energy by the shear stress becomes negative. That is,
the transfer of kinetic energy may occur locally in the reverse
direction, i.e. from the turbulent to the mean motion.
2.3 Mean Velocity Field 
The difficulties encountered in solving exact momentum
equations for the turbulent flow of any configuration has
resulted in various empirical postulates for the mean velocity
field. Among these, the results of the application of the
theory of similarity and dimensional analysis, although limited
in extent, have both sound physical motivation and practical
merit.
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Velocity field in a two-dimensional channel with walls
of different roughness may be represented in a general form:
	
U.	 Uf-(p' pUX 7 XkkXap....)	 (2.13)
	
1	 0 1	 7 0 7 2 2' 7 '	 "
where U0 represents a characteristic velocity scale and f.
is a universal nondimensional function, k and Tc are the roughness
heights of the inner and outer wall respectively, while A, a,
p etc. represent other characteristic parameters of the
surface texture (spacing and shape of the roughness elements,
fluid injection or suction etc.).
In various regions of the flow, only some of the listed
variables are important while the influence of others may be
neglected. So, the flow near one wall is usually in an energy
emuilibrium and only the parameters of the local wall dominate
the flow structure. The application of the similarity theory
results in the well known universal logarithmic velocity
distribution:
134.	 tnX-1. + B(k)
	
(2.14)2
Here B(e) has a constant value B
s in the case of a
smooth wall, while for the rough wall it can be expressed as:
1B(k
▪
 )= - —tnk
▪ 
+ B
r (A, a ....) (2.15)
Other related forms of the universal velocity representation
near the rough wall were proposed in the past. Clauser [267
B(e) = B - P(0)S	 uT (2.16)
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and Rama [52] used an equation of the form (2.14) in which
B(e) was replaced by the expression:
showing that the rough-wall velocity profile follows the same
law as the smooth wall profile, being only displaced in (U-11-X-1-2)
A
co-ordinates by the value of ( TrU-) which is a universal function
uT
of k+ for the considered roughness configuration.
Another proposal was made by Perry and Joubert [104] based
upon the argument that the effect of the roughness on the
velocity profile is, like viscosity, confined only to a thin
region, adjoining the surface. A unique logarithmic law for
both smooth and rough surface was suggested in the form of
equation (2.14) with B(k) = B s , but the molecular viscosity
v in X2 being replaced by a "modified" viscosity v e so that
ve/v = f(k+),
For completeness, one should also recall the concept of
"sand grain roughness", proposed by Nikuradze [100] and developed
by Schlichting [117].
The flow in the central region of a two-dimensional channel
is under the mutual influence of both walls. Thus, both X2 and
a. •
X2 (or their combination as the width of a plane channel D = X2+X2
must be accounted for. Here the viscosity may be neglected
and the universal velocity distribution is given by "defect
law", which in a plane channel with uniform surface conditions,
the for:or in a pipe, has	 m
U - U	 X2M 
- f(---)U	 D
T
(2.17)
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The flow in the viscous sublayer in the case of the
smooth wall and the conditions very close to the roughness
elements of the rough wall can be regarded as a specific
local phenomena, and their details are not considered in the
present work.
The above representation of the mean velocity distribution
has been widely excepted. However, some experimental evidence
has been reported, that throws a little doubt in the justifica-
tion for the absence of some of the parameters in the above
relationships. There are, for instance, considerable differences
between the values of the constants It and Bs in equation (2.14)
for the flows in a plane channel, pipe or along a flat plate,
although the discussed concept implies their universal values
[27,28,31,64,76,77]. The reported influence of viscosity in
the ccre region and the Re number dependence of all constants
[29,31,64] is another example.
In the case of flow near a rough surface, several experi-
ments have indicated that the roughness height k is the sole
significant length scale only in certain types of roughness
configuration while; in other cases additional parameters,
describing the roughness or even the main flow dimension, have
to be included [94,105]'.
• Perry et al [105] distinguish "k" type and "d" type roughness,
according to wehther the roughness height k or the pipe diameter
d were the significant length scales.
Morris [94] found that the streamwise spacing of the roughness
elements A determines the longitudinal frequency of the vorticity
generation on the rough surface and, hence, dominates the turbu-
lence structure. Depending on A, three types of rough-wall flows
were distinguishable, isolated-roughness flow, wake interference
flow and quasi-parallel (skimming) flow.
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If the above considered distinct laws are accepted for
sub-regions of a complex flow, there will always exist regions
where these laws overlap. Hence, the question may then be
reformulated as to what extenAL this overlapping occurs.
In an asymmetric flow configuration, this question
becomes particularly pronounced, because the asymmetry causes
a considerable mutual interference and, consequently, a
modification and even a complete disappearance of some of the
above defined regions.
A considerable attention to this problem has been devoted
in the present investigations. Of particular interest was the
investigation of the existence of the logarithmic velocity
distribution near the smooth wall under the strong influence
of the opposite rough wall.
2.4 Some Characteristic Features of Shear-Flow Turbulence 
(i) Turbulent stresses- active and inactive motion 
The mean and fluctuating motion are closely interconnected
as indicated by the appearance of the turbulent stresses in
the mean momentum equation, and mean velocity gradients in
the stress equations. It would seem that the statistically
averaged fluctuating velocities waald follow the behaviour
of the mean motion and that both, mean and fluctuating field
can be treated uniquely. Indeed, there are regions in the flow,
where the mean and fluctuating velocities are uniquely determined
by the same velocity and length scales. The experiments,
however, have shown that the turbulent field is a more sensitive
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indicator of departures from universality than the mean flow.
So, for instance, the extent of the universal distribution of
the fluctuating motion is usually smaller than that of the
mean motion. Other examples are the reported dependence of
u.
(-2-) upon Re number in the flow near a smooth wall [31,76,127]
and the noncoincidence of the stationary values of the mean
and fluctuating velocities in asymmetric flows [53,80].
A partial explanation of this nonuniversality may be
inferred from Townsend's [125] suggestion that the fluctuating
motion consists of an "active" component which interacts
locally with the mean motion and, also of an "inactive"
component, governed by far-away conditions and, therefore,
not directly correlated with the mean motion.
Shear stress arises from the active component of turbulence.
Because it is the shear stresses and their relation to the mean
flow which are of primary concern in the prediction of shear
flow, the identification of the active part of the turbulence
spectra and its properties are especially important.
(ii) Nonlocal character of turbulence 
Because the time and length scales of the interaction
between the turbulent and mean motion are comparable with
the scales of the mean flow itself, in general the turbulence
in a considered position in the flow may be expected to depend
upon the flow history and its environment. The participants
in the interaction, the turbulent shear and the mean rate of
strain cannot, therefore, be related directly and in a simple
manner. The variable phase lag between the angles of the
principal strain and stress axes and the noncoincidence of
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the zero shear and zero strain-rate, are only some of the
experimental evidence that illustrate the nonlocal character
of the turbulence.
Although generally recognised, this turbulence feature
has long been ignored in practical calculations. The concept
of eddy viscosity and mixing length have been extensively used
in the past for closing the mean momentum equations, although
they in general contradict the above arguments (except in some
special circumstances as in the flows that are in local energy
equilibrium).
(iii) Anisotropy of shear turbulence 
Turbulence anisotropy may be regarded as a direct
consequence of the action of the mean rate of strain. It is
therefor, a common characteristic of the shear flow.
The action of the mean rate of strain is to distort and
hence to promote anisotropy of eddies of all sizes. The
interaction of the turbulence motions themselves, however,
gives rise to an energy cascade-transfer process from large
scale to small scale motions which tends to cause isotropy.
The isotropic conditions are also promoted by the fluctuating
pressure forces, that tend to redistribute energy among the
components. For sufficiently small scales of motion, the
isotropic tendencies outweigh the rate at which energy is
preferentially distributed by the mean flow; hence the
structure of these small scale motions is essentially isotropic.
Experimental data of high-Re-numbers flows display this local
isotropy, though there is considerable disagreement among the
experiments as to the largest scales at which the turbulent
motions are isotropic.
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The usefulness of the existence of locally isotropic
conditions lies in the possibility of applying relatively
exact mathematical treatment, or in a considerable simplifica-
tion of the experiments for the evaluation of some of the
properties of turbulent shear flow. Thus, for instance, the
evaluation of the turbulence energy dissipation would be very
difficult by present experimental techniques if conditions
of local isotropy were fully absent.
(iv) Probability distribution - inhomoqeneity and inter-
mittency 
The probability distribution of the fluctuating velocity
at one point in nearly isotropic turbulence follows closely
to Gaussian form. The same is true for the joint probability
of the velocity at two points provided they are not very close
to each other.*
The departure from the Gaussian distribution may be
regarded as associated with the structural inhomogeneity of
the flow.
The two parameters, conventionally used as a measure of
the departure of the probability distribution from Gaussian
form are "skewness" and "flatness" factors. For the statistical
distribution of the turbulence intensities these factors are
defined as:
At small distanced the velocities at two points are closely
related by the continuity and momentum equations; hence their
joint probability, (as well as the one point probability of the
velocity derivatives) cannot follow a random distribution [2].
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U	 Jou j3-P(u.)du.S- n - +U.1	 Er u?P(u.)du.] 3/2J 1	 1	 1
-co
(2.18)
+co
4	 uS(u.)du.
u.
-0,F
unD(1.)chiA2
(2.19)
where P(u1 ) is the probability that the turbulent velocity u.
will occur in the range (u.1 , ui + dui).
The flatness factor may serve for the statistical descrip-
tion of the intermittent character of the turbulent flow. This
phenomenon is commonly associated with the interface between
turbulent and nonturbulent fluid in flows with free boundaries
and is defined as:
Y
	
FG
	(2. 20 )
where FG . 3.0 is the value of the flatness factor of the
Gaussian distribution.
The notion can be extended, however, to the fully turbulent,
confined flows to describe the spobtLness of the irrol tational flow
patches within the active turbulent motion. Indeed, if
appropriately defined, it could be applied to describe the
discontinuous behaviour of any distinct turbulence phase.
The skewness and flatness factors defined by equations
(2.18) and (2.19) provide information about the statistical
distribution of the large scale motion. The corresponding
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factors, but defined in terms of the velocity derivatives,
should describe the statistical behaviour of the small scale
eddies. A more specific statistical analysis of the eddies
of the various scales involves skewness and flatness factors as
functions of wave number.
Experimental observation of various types of intermittency
has been reported. SpotIness of the small scale motion, bearing
a strong concentrated vorticity (a phenomenon commonly associated
with the influence of the nonlinear inertial forces, noticed
even in nearly isotropic flows) was described and discussed in
ref.[5] and [116]. Another type of intermittency has been
reported in connection with the transition from laminar to
turbulent flow [116], as well as in the region very close to
the smooth wall, in fully turbulent flows.
In a central region of a plane channel, there occurs a
mixing and interaction of two turbulent motions dominated by
each wall and bearing shear stresses of opposite signs. A
plane of equal probability of occurance of the shear stress
of both signs will be established resulting a shear stress
of zero average value. The flatness factor of the turbulence
intensities however, show in this region some increase from
the Gaussian value which prevails reasonably well over the
remainder of the fully turbulent flow [31]. Higher flatness
factors means that both, very small and very large values of
the velocity fluctations occur more often than in the case
where the distribution is normal. Hence, the flow structure
in the central region of a plane channel seems to have an
intermittent character, probably associated with the mixing of
turbulence structures of different origins.
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2.5 Spectral Representation of Turbulence 
Spectral representation has been used extensively (and
with considerable success) for the statistical description
of the turbulence structure. Two distinct experimental methods
are currently used to provide the information: narrow-band
frequency measurements of the fluctuating signal and the space-
time4eorrelation technique.
The spectrum and the correlation are directly related
through the Fourier transform pair, which in tensor notation
for a general case yields:
+0, +a,
Fij (k l w) =	
1	 4w
(27r)4	 1	 nRii (r iT) expt-i(kr+LuTdkdii)
"' CO	 CO
+02 +0,	 41•
.	 IF.AkI OeXp[i(kr+wT)]dkdw13	 13 
-m -m
(2.21)
(2.22)
whereF..andll..are the spectrum and correlation tensors13	 13
respectively, r is vector space separation, k is the wave number
vector, T is time separation and w 27cf represents the
circular frequency.
Hence, in principle, it is immatieral which technique
is used, but each of themhas some practical advantage.
2.5.1 Some remarks on spectral measurements 
(i) Convection velocity 
Experimental measurements are usually performed at fixed
points past which the turbulence pattern passes. If the shear
stress is appreciable, the turbulence will be continuously
modified so that the turbulence pattern will change while it
is being convected downstream. In addition, the eddies of
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different size may be convected at a different speed. So
the signal registered on a stationary hot wire comprises
two components: the convected spatial variation of the turbu-
lent fluctuation and its time variation. For a full statistical
description it would be, therefore, necessary to measure both
spatial and time variation of the flow. This can be accomplished
by considering space-time correlation of the fluctuating
quantities or its Fourier transform, i.e. the wave number-
frequency spectrum.
In practice most correlation and spectra measurements
have been concerned either with spatial or temporal character-
istics of the flow fluctuations. It is usually assumed that
these are directly related through the convection velocity
which relates the frequency and the wave number. For each
Fourier component, the convection velocity is defined as U(k)
The determination of the convective velocity becomes
particularly important if the practical spectra measurements
(which can be performed in the fixed frequency domain only)
are to be converted into the spectra in moving wave number
space where the theoretical analysis of turbulence is usually
performed.
The experimental difficulties of determining the actual
convection velocity for each wave number have led to a number
of approximate representations. Physically, the most appropri-
ate definition of convection velocity was proposed by Wills [130]
as the velocity at which the wave number-velocity spectral
function W(k,Uc ) exhibits its maximum:
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A less exact approach has been followed by other workers
by assuming that the eddy pattern at all wave numbers is
convected at the same convective velocity, that is defined
as the ratio of the space separation over the time distance
U
c
 - 7 at which the space-time correlation displays its
repeated maximum value. Either space distance was kept fixed
while the time delay was varied or vice versa, yielding two
different definitions of the convection velocity:
CaELEA-11]	 o or Ea-FILE-I-II] = 0?T	 r (2.24)
Most reported spectral measurements, however, make use
of Taylor's hypothesis, according to which the convection
velocity of the turbulent fluctuations is equal to the local
velocity of the mean motion. The hypothesis has been found to
be reasonably good approximation in weak turbulence with no
appreciable mean rate of strain. In shear flows, experimental
evidence has shown that the actual convection velocity may differ
appreciably from the mean flow velocity and may also depend upon
the wave number.
There have been several proposals for criteria of the
validity of Taylor's hypothesis in shear flows. Often used is
the condition proposed by Lin [83], according to which the
hypothesis is valid if:
lu 22-1 << 1141-1-12bX.2 1
( 2,25)
« w = kU15-1
1	 21
(2.25a)
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If one assumes that u 1 and u2 are associated with an
eddy of the wave number k, the above condition may be written
as [85]:
For flow in a two-dimensional channel, this condition is
approximately satisfied only in the region not too close to
the walls, where both turbulence intensities and mean velocity
gradient are relatively small.
(ii) Interpretation and limitation of the spectral measure-
ments
Frequency measurements produce only a one-dimensional
spectrum which is the integral of the spectrum tensor over
the two lateral wave number components:
+m
F. .(k ) = fi dk dk 3 	.(k)1 93 1	 2	 i,3
CO
where
+co
F. .( k 1 )dk 1 = Wut,1,3 	 1 3
-03
(2.26)
(2.27)
This inevitable restriction to one-dimensional space
means that the physical implications of spectrum measurements
must be interpreted with care.
The Fourier transform of a general non-even correlation
function R. . given by equation (2.21) is a complex spectral1,3
function and its one-dimensional form may be written as:
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Fi,j (k1 ) = Ci,j (k1 ) -	 (2.28)
The real part Ci,j (k1 ), called the cospectrum, corresponds
to the even part of the correlation E i,j (r), and the imaginary par-
Qi,j(ki) the quadrature spectrum corressponds to the odd part of th(
+cocorrelation O.):1, J 1 ,	 1. 2n 1 Eilj (r 1 )cosk 1r 1dr 1	(2.29)
+0,
1
=	 0i,j(r1)sink1r1dr1 	 (2.30)
-co
Frequency measurements that are performed at one fixed
point i.e. with r 1 . 0 yield only the real part of the spectra
i.e. cospectra. In the case of i = j, the cospectrum represents
the spectrum of the turbulent kinetic energy components (also
called one dimensional power spectral densities):
F. .(k ) = C„ (k) = ut(k 1 )	 (2.31)1	 1,1	 1,1 1
InthecaseofthecorrelationsR..amd R.. 	 (for i	 j)1 ,3	 130
the cospectra represent only the real parts of the double and
triple velocity spectra. For r1 = 0, the cospectrum C1(k1)
equals the spectrum of the shear stress:
(2.32)F. .(k ) = C. .(k ) = u.(k )u.(k )343 1	 1,3 1	 1 1	 1
Similarly, the divergence of the cospectrum of the triple
velocity correlation represents the spectrum of the turbulent
diffusion of the correlation R.i by the fluctuating velocity u.:t
F..	 (k ) = C..	 (k ) = u.u.(k )u (k ) (2.33)130, 1	 130, 1	 1 3 1 t 1
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2.5.2 Spectral energy balance 
The measurements of the spectra of various fluctuating
quantities and their correlation may be utilised for a
consideration of the spectral energy balance which may yield
further insight into the turbulence structure.
Each term in equation (2.12) (which expresses the
conservation of overall turbulent kinetic energy per unit
mass) may be regarded as the integral of its spectral density
over the whole wave number-space. Hence, the corresponding
equation may be derived to express the conservation of the
turbulent kinetic energy per unit mass and per unit volume
in wave number space. Such an equation, however, comprises
not only the terms which correspond directly to the terms
in equation (2.12), but also the additional terms representing
the energy transfer between the wave numbers. For inhomogeneous
turbulence, additional terms also appear due to the flow inhomo-
geneity, and the full analysis and interpretation of the
equation therefore becomesrather difficult (see Lumley [84]
and Bradshaw et al [16].
Only the components of some of the major terms of the
equation have been measured in the present work C421
Ci24 , see below). A brief discussion of the equation may,
however, serve for some practical deductions.
The spectral energy-balance equation can be derived by
taking the Fourier transform of the equation for the two point
velocity correlation (see Appendix 1),yielding for fully
developed flow in a two-dimensional channel:
.(k1 )41 
5
2 au(ki)
— —p aX2
6
a2C i(ki)
+9 (k )
aX!	 1
7	 8
+ (2.34)
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where C and n stand for the cospectra of the velocities and
pressure-velocity correlations respectively, 0(k 1 ) is the
spectrum of the energy dissipation, while the symbol *
represents the spectral densities of the terms, defined corres-
pondingly in Appendix 1 (equations (A.1.9 - A.1.11)).
It should be noted that equation (2.34), if integrated
over the longitudinal wave number kr yields the equation
(2.12) for the overall energy balance (without convective and
normal-stresses generation terms since fully developed flow
is considered). Thus, the comparison of the spectral equation
. (2.34) with its integral forms reveals the physical meaning
of the various terms.
It follows that terms (2), (4), (6), (7), and (8) represent
the spectral densities of the generation, turbulent diffusion
pressure diffusion, viscous diffusion and dissipation, respectivel
Terms (1), (3) and (5) are absent from the equation (2.12),
hence they represent the energy transfer within wave number
space. Furthermore, term(1), representing the residual of
the general convective term and similarly term (3) which is a
part of the generation term by the shear stress, arise due to
the mean flow inhomogeneity and are zero in the homogeneous
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flow. Term (5), however, is finite even in isotropic
conditions and represents the well known inertial energy
transfer as a consequence of the nonlinear nature of the
turbulence.
To summarise, the equation (2.34) states that the
turbulence energy, transferred from the mean motion, at a
particular wave number(term (2)) is being partly diffasect
through the physical space by the turbulent motion (term (4)),
by the action of the fluctuating pressure (6), and by viscosity
(7). Another part is transferred inertially through wave
number space by distortion of the eddies by the mean rate of
strain (1) and fluctuating rate-of-strain (5) and due to the
inhomogeneity of the energy generation and various wave
numbers (3). At high wave numbers, the energy is dissipated
by viscosity as represented by term (8).
2.5.3 Important deductions from spectral measurements
The spectral measurements may be utilised for the
following purposes:
(i) They may yield the approximate scales of eddies, responsible
for some of the turbulent processes.
(ii) They may give some indication about the energy distribution
and about the mechanism of the energy transfer between
eddies of various scales and therefore indicate the
behaviour of the various groups of eddies.
(iii)The distribution of the spectral densities may serve as
a test of the existence of local isotropy and its extent
in wave number space.
L l 	=	 j (r,0,0 1 0)dr 1 =ij i 2u.u.0	 ij
lin1F.3.(k,)
1
k
1
4. 0
it
(2.35)
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(iv) The quantitative evaluation of the dissipation of the
turbulent kinetic energy may be obtained from the energy
spectra.
(a) Turbulence scales 
The following length scales may be deduced from spectral
measurements:
Integral scale:
CO
represents the approximate scale of the very large eddies.
The length scale of the "strong" eddies, that carry most of
the energy- or stress-components may be defined from the first
moment of the spectrum function:
co
4 lij = uiu j /SkiFij(ydki	 (2.36)
Taylor's microscale, derived from the second moment of
the spectrum fuction represents the scale of the small eddies:
CO
.X1ij = [ u.1u./Sk1132 F..( k 1 )dk3	 1
0
(2.37)
(b) Small scale motion and local isotropy 
Inspection of the equation (2.34) reveals the dynamic
behaviour of the energy spectra in various ranges of the wave
numbers. We shall, however, restrict ourselves only to a brief
discussion of the equation in the range of the high wave number,
where the spectral behaviour is expected to be universal and
therefore relevant also to the flow situation considered in this
work.
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As stated briefly in section (2.3), the mean flow rate-
of-strain may be considered as the main cause of turbulence
anisotropy. Its distorting action, which tends to influence
the eddies of all sizes, is approximately represented by the
inertial transfer term (1) in the equation (2.34). In addition,
when the flow has a single preferential direction, the turbu-
lence component in that direction receives almost all the energy
from the mean motion, i.e. the energy enters turbulent motion
in a highly anisotropic manner. This transfer is represented
by the generation term (2), (see also equation (2.8)). However,
as the scale of the eddies diminishes, the extent of their
interaction with the mean motion is reduced. The inertial
transfer of the energy due to the fluctuating rate of strain
term (5) in equation (2.34) becomes dominant and together with
the energy redistributing action of the fluctuating pressure
forces, imposes conditions in which the small scale motion is
unaware of the mean flow conditions, and therefore locally
isotropic.
This is, in brief, the basic idea of the well-known
Kolmogoroff hypothesis on the existence of the universal
equilibrium of the small eddies, the energy spectrum of which
depends only upon the viscosity and the rate of the energy
dissipation. The lower wave number end of the universal
equilibrium range may extend up to considerably large scales
where the viscosity plays no important role; this is the
'inertial subrange' in which the spectra depends only upon the
rate of energy dissipation.
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Various criteria for the existence of local isotropy in
shear flows have been put forward.
Some of the conditions that have been considered in the
present work are quoted:
(i) The turbulence Reynold number Re
X =
	 should be
sufficiently high.
(ii) The energy spectra, normalised by the Kolmogoroff length
3
and velocity scales n. (-Y—) 4 and v = ( vE) 1 should collapse
6
into a universal curve.
(iii)The spectra of the energy components should be related
through the isotropic relationship:
F22 ( k 1 ) = F33 (k 1 ) = 0.5(F11 (k1 )-k 1
(2.38)
(iv) The shear-stress spectra should be very small in comparison
with the energy spectra. This condition may be expressed
in terms of the shear stress correlation coefficients
(Corrsin[33])
R12 ( k 1 )	 « 1	 (2.39)
or in a somewhat weaker form (Bradshaw):
cc
cc
IS F12(k1)dk11 «1
k 1
IF 12 (k 1 )dk 1
0
(2.40)
(v) The criteria may also be postulated by way of the scale
BF 11 (k 1 ) )
of the largesteddies which are in the universal equlibrium
(2.41)
aUl - 3/2
t « [ 1/3 .7--,,X23 (2.42)
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range tm • It is required that this scale is much smaller
than the scales of both, shear stress producing and
energy containing eddies:
t
m
 « t	 and t
m
 « t
e
where t/	 and t e may be represented reasonably well by
the scales defined by equation (2.36).
Another scale of the energy containing eddies was proposed
by Corrsin [32]:
(vi) Similarly, the condition may be formulated in terms of the
relative time scales of the spectral transfer process and
the mean rate-of-strain, which after small transformation
yiEnds:
(vii)The local isotropy requires that the fluctuating velocity
derivatives are related through the isotropic relationship
of the form:
Bu3 2au2 2
(37 )4 =	 = 1(77)1	 1	 a
i2.43)
These conditions may be expressed in terms of the Taylor
microscales through the relation:
a —zu.U49(7r.) . 2x...
311
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(2.44)
F.. =
3_	
KE 2/3k 1
-5/3
1
(2.45)
ui 2
= v(m-c7)
3
(2.46)
where x 	 may be evaluated from the spectra (2.37).
In addition to these general criteria which are concerned
with the existence of the universal equilibrium range as
a whole, the testing of the validity of the "-5/3 law"
according to which energy spectra can be represented by
the equation
serves as a good indication on the existence of the
inertial subrange.
(C) Turbulent energy dissipation 
The universal behaviour of the energy spectra at high
wave numbers and the existence of local isotropy makes it
possible to evaluate the turbulent energy dissipation, which
is approximately given by the equation:
From the conditions of local isotropy given by equation (2.43)
and (2.44) dissipation can be expressed as:
	
U2	 U 2
	
1	 15E= 15v7r = 2
Al22
(2.47)
Another practical way of evaluating the dissipation from
the energy spectra was proposed by Bradshaw [15], based upon
the "-5/3 law" given by equation 2.45. The analysis of the
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one-dimensional spectra F 11 (k 1 ) measured in several shear flows
for Re
X
> 100 resulted in a value of the constant K of 0.5±0.05.
Hence, the fitting of a tangent with a slope -5/3 to the spectral
curves and useof equation (2.45) yield the value for c.
The practical merit of this method lies in its applicability
even in the strongly sheared flows where the usual criteria for
local isotropy are not fully satisfied. It has been found
experimentally, in various shear flows, that although the spectra
F(k1 ) and F33(k1) (which in isotropic inertial subrange should
also follow the relationship (2.45) multiplied by the factor 4/3),
do not show any sign of a -5/3 law, and the shear stress correla-
tion R 12 (k 1 ) has a considerable value, there exists a noticeable
range of wave numbers where the F 11 (k 1 ) spectrum follows closely
equation (2.45). Hence, the method may be regarded as a useful
tool in evaluating the energy dissipation from the spectral
measurements at moderate frequencies, where the accuracy is
usually considered as reliable.
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CHAPTER 3
3. EXPERIMENTAL INVESTIGATIONS 
3,1 Experimental Programme 
The experimental programme was designed to fulfil the
specific objectives of the experimental investigations, posed
in the introductory section 1.1.
Preliminary measurements of some basic mean and turbulent
flow parameters were undertaken in a plane channel with smooth
walls. The purpose was to test the instrumentation and
measuring techniques in a simple, well-known flow situation
and to calibrate the surface probes that were used subsequently
for the measurement of smooth wall shear stress in a smooth-
rough channel.
The main experimental programme consisted of providing
detailed measurements of mean and turbulent characteristics of
the flow in plane channel with one rough and one smooth wall.
The properties of the mean flow that were considered were
the mean velocity profile and the shear stresses at both walls
which enabled the friction factors at each wall and of the chan-
nel as a whole to be determined.
The measurements of the turbulence properties were
performed in two stages. During the initial stage the
turbulence intensities and the shear stress distribution were
measured by single-hot-wire probes in two channels having
widths of 28 and 54 mm. The probe support was designed to
permit measurements close to the smooth wall. It was not
suitable however for use near the rough surface and, hence,
only the 60% of the channel cross-section, closest to the
smooth wall was covered.
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During the second stage, more extensive measurements in
the 54 mm channel were undertaken using gold plated normal
hot-wire and miniature X-wireprobe. All the previous measure-
ments in the 54 mm channel were repeated extending the
coverage of the flow to within 2 rib heights of the rough wall.
In addition triple velocity correlations, lateral space
correlation and spectra of energy, shear stress and triple
correlations were measured.
A presentation and the discussion of the results is given
in section 3.5; this is preceeded by a brief description of the
apparatus (section 3.2), the instrumentation and measuring
techniques (section 3.3), and a brief discussion of the
preliminary measurements (3.4).
The results of the early first-stage measurements were
presented in ref.[53] and only some of them (referred to as
1968-results) will be reproduced here.
3.2 Apparatus 
The two-dimensional test section and associated equipment
is shown schematically in figure 3.1a and a photograph of the
general layout in figure 3.1c. The main test plates which
formed the side walls of the channel were each made of two
9.6 mm 'Dural' sheets, Q.9 m wide, and 1.85 m long, giving a
totaA channel length of 3.70 m. One of the side walls was
roughened by sticking 3.18 mm silver steel ribs (transverse
to the flow direction) to the surface of the plates with
Durofix. The ribs were spaced to give a pitch:height ratio
of 10:1.
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The main test plates were mounted vertically and
aluminium channel-section spacers were used as the closing
top and bottom walls of the channel. Two sizes of channel-
section have been used, 25.4 and 51 mm, giving total channel
widths between the smooth wall and the root of the ribs of
approximately 28 mm and 54 mm respectively. The roughness
height:channel width ratios for the two cases were thus 1:9
and 1:17.
Provision was made for examiringvarious aspect ratios;
the channel-sections could be spaced between .15 m and .85 m
apart. In all the tests reported here, however, the height
of the channel working section was .30 m giving an aspect ratio
of about 12:1 for the narrower duct and 6:1 for the wider.
Static pressure holes, 0.4 mm in diameter, were inserted
at .15 m intervals along the centre-line of each of the Dural
test plates; the static pressures were recorded on a T.E.M.
multi-limb manometer. The downstream smooth-wall plate was
fitted with a 4 access port-holes 76 mm in diameter (see figure
3.1) for examining the flow. Apart from preliminary readings
to ascertain that the flow was two-dimensional, all measurements
were taken at the downstream centre-line port-hole.
Air was drawn through the test section by a centrifugal
fan driven by a 15 hp AC motor through a Vulcan fluid coupling.
The fluid coupling enables the flow rate through the test section
to be varied by about a factor of 4.
i
u V.(1 - -7)U. (3.1)
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3.3 Instrumentation and Measuring Technique 
3.3.1 Pitot-tubes and surface-shear-stress probes 
Mean velocity profiles across the test-section were
measured by means of flattened-tip pitot tubes with internal
and external tip heights of 0.15 mm and .45 mm respectively.
The width of these tubes at the tip was about 2.5 mm.
Different pitot tubes were used for examkingthe flow near each
of the walls and these were suitably shaped to enable contact
to be made with the surface in question. The probes gave
consistent readings in the central region of the channel
accessible to both of them.
The McMillan [90] correction was applied for the effec-
tive displacement of the pitot-tube centre towards the region
of higher velocity. Although McMillan's experimental work was
on circular pitot tubes, a number of workers in this Department
have found that his correction does much to improve the
'universality' of mean velocity profiles measured with flattened
pitot tubes as well. In addition, the low-Reynolds-number
correction, also suggested by McMillan [89] was applied when
aUthe pitot-tube Reynolds number (v.), was less than 200. Here
'a' is the internal height of the pitot-tube tip,
The pitot tube was assumed to be sensitive to the
longitudinal component of turbulence and so a further correction
was made as follows:
where 'U. is the local indicated velocity. There is some incon-
sistency here in that the mean static pressure was assumed
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constantacross the channel at each station. However, the
proper way to correct pitot-tube readings in a highly turbulent
stream is still a subject of much controversy.
The position of maximum velocity was determined by means
of a double pitot tube consisting of two flattened-tipped
tubes with centres 1 mm apart. The difference in dynamic
pressure was recorded on a U-tube paraffin manometer inclined
at an angle of 30 • The author discovered that it was virtually
impossible to make two truly identical pitot tubes so even when
the instrument was placed in a uniform stream a differential
pressure was recorded on the manometer. However, by calibrating
the indicated pressure difference in a uniform stream as a
function of mean velocity a correction could easily be applied
to the measurements in the actual test section. The correction
calibration had to be checked frequently for it was found that
even a slight displacement of one probe with respect to the
other caused an appreciable change in the calibration curve.
However with care and attention the instrument proved accurate
as is evidenced by a typical set of results displayed in figure
3.11.
Stanton and Preston tubes were used as the basis for
determining the smooth-wall shear stress. The Preston tube
was made from 0.8 mm 0.d. hyperdermic tubing and the Stanton
tube from a Schick single-edged razor blade stuck to the surface
with Araldite. Both probes were mounted on aluminium discs
76 mm in diameter which fitted flush into the access port-holes
in the smooth pate; the probes are shown in figure 3.3a. The
tubes-were calibrated in fully developed flow between two smooth
plates; the matter is discussed in section 3.4.
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3.3.2 Hot wire probes and signal processing equipments 
Standard Disa miniature hot-wire probes and constant
temperature anemometers were employed for the turbulence
measurements.
For the first stage of the experimental programme, a single
unlinearised anemometer type 55A01° was used for measurements
of all three turbulence components and shear stress. A normal
hot-wire probe of type 55A25 was employed for the measurements
of the longitudinal fluctuating velocity while the lateral
velocities and the shear stress were measured with the probe
55A29 that contains a single wire inclined at an angle of 45°.
The problem of unequal wire sensitivities, that arises with the
X-probe was thereby avoided, but for each set of readings the
probe had to be traversed twice across the duct with the
wire successively in the 450
 and - 450
 positions. The probe
support itself was inclined at 50 to the smooth wall to enable
the region close to the smooth surface to be examined; thus
the effective inclination of wire to the flow were +50° and -400
in the two positions.
During the second stage of the experimental programme, two
transistorised Disa 55D01 anemometers in conjunction with Disa
55D10 linearisers were employed. Here the gold plated, boundary-
layer type probes 55F04 were used for the measurements of the
longitudinal turbulenCe component while the lateral components
were measured with miniature X-wire probe type 55A38. Root mean
square voltage was measured on a Disa 55D35 r.m.s. voltmeter
while for the D.C. voltage reading a Solatron digital voltmeter
was used.
For the details of the instrumentation the reader is referred
to the manufacturer's Instruction Manual.
50:1
Two fluctuating signals were correlated by means of the
correlators, Disa 55D75 and Disa 55A06. The latter one was
employed during the measurements of the triple velocity
correlation, when the squaring circuit of the 55D75 correlator
was utilised for squaring one of the fluctuating signals. The
characteristic of the squaring circuit obtained for various gain
settings is shown in figure 3.5.
For the measurements of the frequency spectra, two equal
BrVel and Kjaer audio-frequency spectrometers , type 2112 were
employed. The spectrometers have a selective frequency range
of 22 - 45000 Hz, containing 33 filters with bandwidth of one
third octave and 11 filters with one octave bandwidth.
The multiplication of the fluctuating signals for the
measurements of the triple velocity spectra was performed by
means of analog multiplier, Analog Devices, type 421K, with a
flat frequency response up to 250 kHz (-3 db) and a phase error
of 1% at 3 kHz.
A general block diagram of the signal processing equipments
is shown in figure 3.2.
3.3.3 Traversing mechanism 
The sensing probes were propelled between the test plates
by means of a traversing instrument (figure 3.3b-d). A 50 mm
micrometer was mounted on two steel guide rods cemented with
Araldite into 76 mm aluminium disc; the disc itself clamped flush
with the test plate in the access port-holes. For the measurements
of space correlations employing two probes, a similar design of
traversing instrument was used but with two pairs of guide rods
and two micrometers (figure 3.3d).
V . V + CUn
eff (3.2)
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A simple electric circuit enabled the micrometer reading,
when the probe touched the wall, to be accurately determined.
When assembled in the test section the probes were not visible
and so to enable accurate positioning of the hot-wire probes,
a dummy test plate, made from the same plate as the channel
walls, was employed. At several micrometer readings the
actual distances of the hot wire from the dummy plate were
measured with a travelling microscope. Moreover, zero velocity
voltage readings of the hot wire were recorded as a function of
the distance from the dummy wall yielding an exponential curve
which served then as a reference for the actual positioning
of the hot wire probe when placed in the channel. The latter
method served as a check on possible misalignment of the inner
disc surface with the surface of the channel wall in comparison
with the surface of the dummy plate. The correction never
exceeded 0.05 mm.
3.34 Turbulence-measurement procedures 
Instrument adjustment and analog-circuit calibration were
performed with sine wave generators according to the Disa
Instruction Manuals.
Calibration of the hot-wire was performed before and
after each run in a low turbulence (up to 0.5%) boundary layer
tunnel with respect to a pitot-tube, mounted on the same traver-
sing mechanism.
The evaluation of the constants Vo and C in the hot wire
cooling law:
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was performed by a least square method with prespecified exponent
n. During the initial measurements without a lineariser the
value of 0.45 was assigned to the exponent n [30]. Later,
when the lineariser was employed, a trial calibration run with
several settings of the lineriser exponent (reciprocal of n)
between 2.0 and 2.5 were performed and a value of 2.25 was
finally adopted. A typical calibration of X-probe is shown in
figure 3.4.
A drift in calibration curve of about 5% per run, experienced
initially was later reduced to less than 3% by improving the air
filtering system. The drift, however, appeared to affect mostly
the constant V
o
 (as may be seen from figure 3.4) and had
little effect upon the sensitivity constant (at least over the
considered region of velocities).
The wires of the X-probe showed nearly equal sensitivities
and the small discrepancy was
	 reduced even further by
a small adjustment to the zero-velocity voltage and of the
gain of one of the linearisers. No correction for possible wire
interference was attempted.
For the inclined and X-probes the effective cooling velocity
was assumed in the standard form:
Ueff = U(cos 2 * + k 2 sin2
	 (3.3)
where U is the instantaneous velocity vector acting at an angle
* towards the normal to the wire. The coefficient k represents
the fraction of the velocity component parallel to the wire,
that affects the wire cooling. The value of 0.23 was adopted
for the considered velocity range (.10 - 45 m/sec) and the wire
(3.4)
•-•	 k*
u 1u2 R121711/2 zr (3.5)
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length to thickness ratio tida 200, following the findings of
several workers [21] [69] and [80].
If the velocity vector is expressed in terms of its
components in the three considered directions and the
resulting expression expanded into a Taylor series, with
neglect of higher order terms, the following relationships
for the r.m.s. values of the fluctuating velocities and the
average shear stress are deduced:
l+k2
where k* - 1-k2 and C is the sensitivity factor of equation 3.2).
Here 7'1 and 72 represent respectively the r.m.s. values of the
sum and difference of the fluctuating signals of the wires
inclined at angles of 45° and 135° to the mean flow, and R12
is the directly measured shear correlation coefficient+.
For the evaluation of the triple correlation of the u l and
u2 velocities, a procedure similar to that, used for the deter-
mination of the shear stress was employed. The instantaneous
signal vl or v2
 (proportional to u lor u2 respectively) was
squared by the Disa correlator 55D75 and the fluctuating part
of the squared signal (denoted by F) was correlated with either
v 1 or v2 by means of the correlator 55A06. The triple correlation
was then determined from the relationship:
The correlator 55D75 enables a direct measurement of the
correlation u1u2. However, here (and also for the determination
of all other	 correlations and their spectra), an indirect
method was employed which requires the measurement of the
correlation coefficient and separate measurements of the r.m.s.
values of the components of the correlation.
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k*n
	u?u.	 R	 v2 NT
	
1 3	 i2,j iF jETI (3.6)
where n = 0 for i = j = 1 and n = 3 if i = j = 2, while n = i
for i A j (i and j take values of 1 and 2).
The measurements of the triple correlation u 2u 2 was3 
performed by placing the X-wire probe into a plane bisecting
the X1-X2 and X1-X3 planes at 45
o
. The signals of the two
wires correspond tothe following:
vA03 = 
CCu1 .(u2+u3)
	 (3 . 7 )
which from the difference of the signals VA and VB leads to
the following:
% JE."(u +u J =	 vA2 3	 2 C
where vd = VA - VB.
Hence, the triple correlation was determined from:
1 k* 3
	
72.4	
- u2]1727 = 7E(717) Rddld-
(3.8)
(3. 9)
Of the quadruple correlations, only the correlation
u.4
coefficients j---tf , representing the flatness factor of the
u.
probability diitribution of u l and u2 were considered. These
were estimated indirectly from the r.m.s. of the fluctuating
part of the squared signal from the relationship:
(3.10)
v?
u.4 F 21
4	 1 +(TT)
u.
13
F. .(f) =13
v.(f)v.(f)1	 1
AfV.V.
(3.11)
R (f)	 (f) V (f)12	 	  2	 1
1,2	 R12	 1V	 v 2	Af
F 4	 (f) = (3.12)
(3.15)
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Spectral measurements were performed directly without
calibration. The ratio of the correlation of the filtered
and that of the total signals yields directly the correlation
spectral density:
which, for i = j reduces to the ratio of the squares of the
r.m.s. signals. Here Af represents the effective band pass
width of the frequency analyser.
For the spectra of the shear correlation and of the
triple velocity correlation again the indirect method (through
the measurement of the correlation coefficients instead of
relationship (3.11)) was employed. The spectra are determined
from the expressions:
and
Fij,k
(f)	 Ri k (f) v.v.(f)	 (f) 1liFk 
Rii,k	 Vk	AfjF
7/771-172-(f)
where R12 (f) - 	v1(f)v2 (f)
(3.13)
(3.14)
.	 (f)Rij,k	 -
v.v.(f)v (f)2 
(f)Fk (f)
and	 v.v. =vv.21	 .3	 3 F
(3.16)
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3.3.5 Corrections to the hot wire readings 
Several possible corrections to the hot wire readings
were considered, but none of them appeared to have a significant
effect. Some of these are discussed in the following.
The maximum error due to the neglect of the second order
terms in the nonlinear hot wire response equations (see Appendix 2
was about 5.5% for the measurements with X-probe in the X1-X2
plane at the nearest position to the rough wall. The error
decreases rapidly with increasing distance from the wall. For
the X-probe in the X1-X3 plane and for the normal probe the
error is even smaller.
A correction to the turbulence intensities to account
for the inadequate hot wire response to the small scale motion
(comparable in size with the wire length) was proposed by
Frenkiel E48] in the form:
where A stands for the Taylor Microscale 	 = 471122 (as
implied by the conditions of local isotropy). Equation (3.16)
in fact gives a negligible correction everywhere except very
close to the smooth walls, where it amounts to about 4%.
Another form of wire-length correction for the spectral
measurements at high wave numbers proposed by Wyngaard [13n
also yielded a negligible effect for the smallest measured
wave length of about 2.5 1 (see figure 3.37). His correction
(presented in the form of a chart) for the X-probe was given
only for Utt . 0.5 and 1.0 (where b stands for the distance
between the two wires of the X probe). Hence, no direct
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evaluation of the correction for the present probe (for which
b/4 . 0.15) was possible. The application of the diagram
for b/t 0.5 showed no appreciable effect at all measured
wave numbers.
3.4 Preliminary Tests 
The apparatus was first assembled with two smooth test-
plates 1.85 m long 25 mm apart. For a range of Reynolds
ntimbers, measurements of the mean velocity profile were made
with the pitot tubes. The profiles were plotted on a Clauser
chart (figure 3.6) and the skin friction coefficients (based
on maximum channel velocity) read off in the usual way. Two
sets of the Law-of-the-wall constants were tried: x	 .41,
138 = 5.0 (proposed by Coles) and	 = .419,	 5.45 (recommended
by Patel). Over the range of Reynolds numbers used here, the
two sets of constants gave rise to differences in the deduced
values of cf of only about 1%.
A more extensive set of readings was taken in which only
the maximum velocity, the static pressure gradient and the
Stanton- and Preston-tube readings were recorded. The surface
shear stress was deduced from the linear portion of the static
pressure distribution (shown in figure 3.7); then, with the
maximum channel velocity measured, the skin friction coefficients
could be deduced. The skin friction coefficients deduced from
both the static pressure gradient and the Clauser charts are
plotted as a function of Reynolds number in figure 4.9. The
values deduced by the two methods are seen to be in satisfactory
agreement with each other (and with the predicted solution).
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Thus it was deduced that the apparatus was functioning
satisfactorily.
The Stanton and Preston tube readings enables a calibration
curve to be drawn for the two instruments. A least mean
squares fit to the d-Ata yielded the following correlations:
Stanton tube:
AP d2St /(atall ) . .326	 0.761.12 (3.17)
where d is the distance from the aluminium disc to the cutting
edge of the blade.
Preston tube:
APT, d 2 	 ,1(1L0l2 ) . .00723 [ Pr 7-.
112	
---y--
P
(3.18)
where, in this case, d is the external diameter of the Preston
tube.
Equation 3.18 yielded shear stresses significantly
different from the Head and Rechenberg [60] calibration over
the range of these experiments. At the time it was felt that
these discrepancies might be due to small burrs around the
edge of the disc on which the Preston tube was mounted. This
was not considered to be important; since the probe had been
calibrated one would simply use these calibrated characteristics
in deducing the shear stress in rough-smooth channels. However,
when, later in the investigation, data for rough-smooth channels
were reduced, it was found that the author's Preston-tube
calibration gave poor correlation with those found from the
Stanton tube and implied by the Clauser chart. Moreover, the
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shear stresses deduced from the Head and Rechenberg calibration
were now close to the latter values although consistently about
3% lower. Apparently, imperfections in the alignment of the
Preston-tube disc had been present during calibration and
these had gradually cured themselves as the disc was inserted
and removed from the test plate a number of times. The matter
was not pursued further for the Stanton-tube calibration had
been found to be consistently reproducible and the shear stress
implied by this instrument was always within 2% of the value
indicated on a Clauser chart. The Stanton-tube values for
smooth wall shear stress have thus been adopted throughout
this work as the standard ones.
3.5 Presentation and Discussion of the Measurements
The flow in a plane channel with one rough and one smooth
wall may as a first approximation be regarded as being composed
of two major regions: one near smooth surface, the other near
the rough surface, dominated by the character of the adjacent
wall. Hence, the proper 'universal' representation of the
results in each region would require the appropriate velocity
and length scale characteristics of that region. The wall
friction velocities appear to be the only characteristic
velocity scale. Likewise, the length scales in the regions
close to the smooth and rough wall, (where the distance from
the wall and the conditions of the surface are the only
important factors) are v/UTs and k-(rib height) respectively.
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However, the characteristic flow dimensions that specify
the scales of the motion further from the walls are not so
obvious. Because of the different natures of the wall condi-
tions, the extent of each wall region depends upon the Reynolds
number. Moreover, the interaction of the flows in the mixing
zone (which may be described as the region of the flow where
an overlapping and mutual interference of the two above wall
regions occurs) had a different effect upon the mean and turbu-
lent flow parameters. As a result, turbulent motion exhibits
a different degree of asymmetry from the mean motion and the
zero and stationary values of the various characteristic
variables, which are usually employed to separate the
distinct regions of a complex flow, do not coincide.
In view of the importance of the shear stress in a
turbulent shear flow, in this thesis the distances of the posi-
tion of zero shear stress from each wall (denoted by y o and yo
respectively, Figure 1.1) - have been chosen as the normalising
length scales to display the flow characteristics away from
the immediate vicinity of each wall.
Because the rough wall region covers the greatest part
of the channel cross section it appeared profitable (and in
most cases sufficient) to display the results normalised with
rough wall parameters only.
Where the smooth wall region required particular attention,
the data were also plotted normalised with the characteristic
scales of that region.
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(a) Characteristics of the Mean Flow 
3.5.1 Mean velocity profiles 
Figure 3.8 displays the main features of the mean flow
between the rough-smooth parallel plates. A typical set of
mean velocity distributions at three Re-numbers is presented.
For comparison, the distribution of the shear stress at two
corresponding Re numbers is also plotted.
The velocity profiles are significantly asymmetric, the
maximum velocity for each profile being much closer to the
smooth surface than the rough. This behaviour is closely
related to the large difference between the rough and smooth
wall shear stresses as seen from shear stress distribution.
The influence of Re number on both velocity and shear
stress profiles is appreciable. The reason for this lies
in the fact that shear stress at the rough surface increases
as the square of the velocity, whereas at the smooth surface
varies roughly as U915 . The ratio T :T will thus be propor-
rAlthough	 s
tional to U1/5 ./as figure 3.7 displays, the surface of maximum
velocity does not coincide with the surface of zero shear stress,
one could expect a shift of the zero-shear-stress position
towards the smooth plate to be accompanied by a similar
displacement of the plane of maximum velocity.
The mean velocity profiles near the smooth surface are
plotted in 'universal co-ordinates' in figures 3.9a and 3.9b
for the 28 mm and 54 mm duct respectively. In figure 3.9a mean
velocity profiles obtained .
 in an all-smooth duct are added for
comparison. The shear stress used in evaluating u + and X-+2 is
that found from the Stanton-tube measurements. It is evident
that for both ducts there exists a regicnnear the surface
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where the mean velocity profile conforms with the 'universal'
logarithmic velocity profile - i.e. the mean flow is unaffected
by the presence of the rough surface opposite, and is invariant
with Re number. The range of X1' over which the universal
logarithmic velocity profile is valid is largerfor the 54 mm
duct than the 28 mm one. This is to be expected since, for
the larger duct, the rib height is a smaller fraction of the
distance between the plates.
Farther from the surface, the mean velocity falls below
the 'universal' profile. (By comparison, the 'all-smooth' data
display the accustomed departure above the universal profile
in the outer part of the velocity profile). It is noticed
that, as the Reynolds number is increased, the value of X +2 , at
which significant departure from the universal profile occurs,
progressively increases also. However, the actual dimensional
distance, X2, at which the departure occurred diminished for,
as the flow rate is increased, the smooth wall velocity profile
is compressed progressively closer to the smooth wall - see
figure (3.8).
The velocity profiles near the rough surface for the 54
mm duct are shown in figure (3.i0) where u + is plotted as a
—function of Z/k); the distance x 2 is measured from the root
of the rib. The value of u
r
 was determined by difference
T
from the measured pressure gradient along the duct and the value
of the smooth-wall shear stress obtained from the Stanton-tube
reading. The velocity profiles were all measured at a station
midway between the ribs.
The data fall on a unique curve, except for the velocity
profile at the lowest flow rate where, for values of (), Ac) less
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than 4, the mean velocity profile lies below the other data.
Over the region from four to about ten rib heights from the
surface, all the data collapse onto a single straight line
with a slope indistinguishable from that of ( .:1) ( the value for
x for the logarithmic line on figure 3.10a was .419, Patel's
recommended value (103), but an equally good fit would have
been given by x 0.41).
The value B(0) implied by the velocity profile is about
3.20, in reasonably good agreement with the value deduced from
the data of Wilkie et al [128] for a similar type of rough •
surface.
It has been reported [10,104,105] that the logarithmic.
representation of the rough wall velocity profile requires a
virtual origin located at some distance below the roughness
crest, which, in general, does not coincide with the roughness
root, i.e. c. k. Following the method of Perry and Joubert
[104], it was found that for the three higher Re numbers c has
approximately a value of 1.4 k. Fig. 3.10b shows for three
velocity distributions the variation of 	 versus distance
2c+cfrom the new virtual origin (-77—). The agreement with the
logarithmic straight line is very good over the region from
two to about ten rib heights.
The measured values of in ref.[10 and 104] for a
geometrically similar roughness configuration but with x/k R, 4.0,
were smaller than the rib height k; this is contrary to the
present findings [where X/k
	
10]. However, the results of
Edwards [44] for x/k	 15, (although c was not evaluated)
show a similar distribution of velocities to that presented in
fig.3.10a; this would seem to indicate that c is larger than k.
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Indeed, there seems to be no reason why the virtual origin
must fall within the rib height and the above discussion
suggests that, depending on x/k, e may be greater or less
than k.
The results presented in fig.3.10a & b show that the
considered roughness configuration may be classified as a
'k' type roughness, characterised by the rib height as a
sole significant length scale.
The velocity distAbution within a few rib heights of
the surface departs significantly from the log-law. Here the
flow may exhibit a periodic variation in the streamwise
direction, depending upon the rib spacing x. The velocity
distribution will depend on the position of the pitot tube
relative to the ribs. The departure of the profile for the
lowest Re number might have been caused by a slight displace-
ment of the pitot tube in the X1 direction, in spite of
precautions.
A linear plot of one of the velocity distributions in this
region is also shown in fig.(3.8). A similar profile, exhibit-
ing an inflection point was also reported in ref.[105].
3.5.2 The position of zero mean velocity gradient
The determination of the position of maximum velocity
from a single pitot tube was imprecise. The double pitot-tube,
however, after early difficulties, proved to be very effective
in determining where the velocity gradient was zero.
A typical set of results obtained from the double pitot
tube is shown in figure 3.11. The crosses denote the actual
position of maximum velocity after a correction had been applied
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to account for the difference between the pitot-tube reading
in a uniform stream. It is evident from the graph that the
position of maximum velocity shifts progressively towards the
smooth surface as the Reynolds number is increased.
3.5.3 Wsll'shear stress and the position of zero shear stress 
In fully-developed plane channel flow, the shear stress
varies linearly across the duct, its slope being proportional
to the streamwise gradient in static pressure. Hence, from
a knowledge of the smooth-wall shear stress, and the static
pressure distribution along the duct, one may determine the
shear stress variation across the duct. In particular, the
rough-wall shear stress and the position of zero shear stress
can be determined.
Since the smooth-wall stress was of great importance,
considerable attention was paid to its evaluation; as reported
in section 3.4, the Stanton tube readings were accepted as the
standard ones. The shear stress distribution across the duct
was also measured directly with a hot-wire anemometer. The values
of the surface shear stress obtained by extrapolating these
measurements to the wall were consistent with Stanton tube measure
ments, within the accuracy of the hot-wire measurements.
In figure 3.12 the smooth-wall friction factor plotted as
a function of Reynolds number is shown for both the 28 and
mm ducts' The sets of data for the two curves are not
coincident. The data for the 28 mm duct lie significantly
'The friction factor and Reynolds numbers in figure3.12are
based on the maximum channel velocity. For other friction
factor comparisons see Appendix 3.
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above the data in the larger channel - and both ducts display
higher smooth-wall friction factors than the smooth channel.
This result could have been inferred from the mean velocity
profile of figure 3.8 and 3.9; in a rough-smooth channel, the
velocity profile is flatter near the position of maximum
velocity than in a smooth channel and for a given smooth wall
shear stress the maximum (or mean) velocity is lower.
Figure 3.13 displays the variation of the positions of
zero shear stress and maximum velocity with Reynolds number.
It is evident that the position of zero shear stress lies
significantly closer to the smooth surface than the position
of maximum velocity. The discrepancy is larger for the 28 mm
channel where the ribs are a greater fraction of the duct
width. Like the plane of maximum velocity, the plane of zero
shear stress shifts towards the smooth surface as the Reynolds
number is increased. The ratio y0 : 1 does not vary appreciably
for either duct over the range of these experiments.
3.5.4 Engineering flow parameters 
The above discussed characteristics of the mean motion
may serve
	 as a basis for evaluation of some
parameters that are of direct engineering interest. A detailed
discussion of these parameters is given in Appendix 3, where
the friction factors, equivalent diameters and some other bulk
flow properties are presented in graphical and tabulated form.
3.5.5 Summary of the mean-flow findings 
With one principal wall of the channel roughened with
discrete ribs and the other smooth, it has been found that:
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(i) Near the smooth surface there is a significant region of
the velocity	 profile which accords with the law-
of-the-wall velocity profile. Thus, as far as the mean
flow properties are concerned, the fluid within this
region is unaware of the nature of the surface opposite.
Even where the rib height was 11% of the space between
the plates, the velocity profile conformed with the
universal velocity distribution for values of X up
to 200. This fact is important for it means that, in
rough-smooth channels, a traditional Clauser chart may
be used with confidence to obtain the shear stress at the
smooth surface.
Further from the surface the velocity profiles fell
below the 'universal' logarithmic velocity law. Indeed,
the profiles near the position of maximum velocity were
flatter than in either an all-smooth or an all-rough
duct.
(ii) Near the rough wall, all velocity profiles collapsed onto
1
a single logarithmic curve of slope (7) at about 2 rib
heights above the surface. The reference origin of the
logarithmic curves is displaced below the roughness roots.
As could be expected, the smooth surface exerts less
influence on the flow near the rough surface than vice versa.
(iii)The position of maximum velocity and zero shear stress
were not coincident, the velocity maximum lying farther
from the smooth surface than the position of zero shear
stress. In a particular duct,	 and yo decreased as the
flow rate was increased. Their ratio, Iwy o was, however,
virtually independent of Reynolds number.
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(b) Turbulence Measurements 
3.5.6 Turbulence intensities 
The distribution of all three components of the turbulent
intensities in the 54 mm channel is shown in fig.3.14 for three
Re-numbers. The results are normalised with the rough wall
friction velocity UTr and the distance from the rough wall to
the zero shear-stress plane. For reference the positions of the
smooth wall and of the maximum velocity y have been marked for
each Re-number.
It should be recalled that the u 1-component was measured
with normal wire and also with an X-wire in both X1-X2 and X1-X3
planes. Moreover, measurements of some of the triple velocity
correlations provided distribution of either 51 or 52 or both as
anciallary information. Allresults for the r.m.s. turbulence
components were consistent and agreed well within an overall
maximum experimental scatter of Re 7%.
For clarity only some of the data are presented in fig.3.14.
These are the measurements of the11
'1-component with the X-wire
placed in the X1-X3 plane, during which runs the distributions of
u 3 were also measured. The X-wire data are selected for display
since they cover a larger part of the duct cross-section than the
measurement performed with a normal wire (the latter probe had ben
prongs, specifically designed for the measurements very close to t
smooth wall, the distribution of u l - obtained with a normal wire
at the medium Re number is also displayed showing a good agreement
with X-wire results.
'The ill-measurements with X-wire in X1 -X3 plane are likely to be
slightly more accurate in highly turtulent flows than those
measured in X1-X ,, 	 This is because the neglected second
order term in the hot-wire-response equaeon contains U 2 2 which
is smaller than the corresponding term () 2
 when the U w wire
is replaced in X
1
-X
2 plane (see Appendix 2).
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From the rough surface to the position of zero shear
stress the profiles of all three intensity components show no
discernable variation with Reynolds number. The result is in
accordance with expectations.
3
Closerto the smooth wall, for	 > 0.95, the influence
yo
of Re number becomes apparent. The turbulence components,
normalised with rough wall friction velocity, U Tr increases
when Re number decreases. This behaviour is entirely to be
expected since, as the smooth wall is approached, the flow
field becomes progressively more under the influence of the
smooth-wall scales UTS and v/UTS , both of which are Re-number
dependent. Thus, since the ratio U Tr :U¶s diminshes with a
decrease of Re number, this will reflect in an increase of
V.
if — is independent of Re number.
Tr	 TS
The three Re numbers considered are the ratio 1:2:3 and
the larger effect of Re-number is noticable between the
measurements at two smaller Re-numbers. This may be partially
explained by the stronger influence of Re number at its lower
values; a behaviour that has also been noticable in other
parameters (see, for example, the positions of ym and yo in
fig.3.14).
Finally, it should be remarked that the ill-profiles,
presented here agree very well with the results obtained during
-
the earlier measurements reported in ref.[53]. The u 2 and u 3
-
components, however, are somewhat higher. The u 2 and u3
distribution reported in [53] showed considerable scatter and
also some apparent influence of Re number. Since these
measurements were performed with a single slanted wire, in
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view of the experimental difficulties and uncertainties, they
should be regarded as less reliable than the present data.
3.5.7 Turbulence intensity near the smooth surface 
Fig.3.15 displays the variation of 	 in the neighbourhood
of the smooth wall. at was not possible to measure u 2 and
11 3 components within this region immediately adjacent to
the surfaces). The normalising velocity and length scales are
U S and v/U respectively.T 	 TS
In addition to the set of data obtained in the 28 mm
and 54 mm channels during the first stage of the experimental
work (noted as 1968), the more recent measurements at the
medium Re number, (1970) are plotted. The latter show considerabl
higher values.
For comparison some of the smooth channel data of ref.E31,
76,127] at the similar Re numbers are also presented. These
are the results of Comte Bellot for the lowest Re number (Re =
54000) performed in the 180 mm channel, the early measurements
by Laufer in a 25 mm channel and the recent very detailed
measurements by Van Thinh in 200 mm channel which agree well
with the Laufer's measurements in a 126 mm channel at a similar
Re number.
It is first recalled that from fig. 3-9a and b it was found
that the mean velocity profile, scaled with respect to the
same characteristic - velocity and length, agreed with the
"universal" velocity profile over the region displayed in Fig. 3.15
*mentioned in section 2.2, several workers have reported a
small Re number effect upon the mean velocity profile, but
the findings disagree qualitatively.
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It might be supposed, then, that the Ti-distribution in these
experiments should also be invariant with Reynolds number and,
indeed, be the same as in an all-smooth channel or a smooth pipe.
However,	 the very detailed and careful measurements of
Comte-Bellot and Laufer have indicated that, even in smooth
ducts, the turbulence intensity distributions are significantly
influenced by Reynolds number. One deduces, therefore, that
the turbulent flow field is a more sensitive indicator than
the mean flow to small departures from the universal flow
structure near a smooth wall. This is possible because the
variation of utwith Reynolds number may be attributable to
"inactive" motions - i.e. fluid motions not associated with
significant transfer of momentum.
In view of these facts, it is not surprising that the
present data do not fall on a unique curve. Let us, however,
look first for consistencies between existing smooth-channel
data and the present results before examining the differences.
The peak turbulence intensity for both the 28 mm and 54 mm
channels occurs at X 	 15 - 20 in agreement with all previously
reported data C27,31,76,127]. The peak intensity has been
found to occur at about the same value of X 2 in pipe flow
and in boundary layer flow as well.
The general shape of the profiles and the effect of
Reynolds number on them are again in general agreement with
other workers' data. As the Reynolds number is increased, in
a particular channel, the peak value of ul /UT decreases.
The decay ofulp with X2 is, however, more gradual andTs+
consequently for K 2 > 70, the normalised turbulence intensity
increases with Reynolds number.
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The major discrepancy among all the considered data, is
the magnitude of the turbulence intensities in each investigation.
Putting aside the present data for the moment, it is not possible
to envisage Laufer's data as simply a Reynolds-number extrapola-
tion of Comte-Bellot's findings. To accept both sets of data,
of the turbulence
however, would be to infer that the structure/is a function not
only of X; and (weakly) the Reynolds number but also an additional
group - presumably the ratio of a turbulence length scale to
the channel width D.
For the present data, one can more plausibly expect a
2-parameter dependency oful /U on X; because of the presenceTs
of the roughened wall opposite. The rough wall, with discrete
ribs, protruding in the flow and spaced at a considerable distance
in between, is a strong source of pressure fluctuations. As
such it might be expected to promote the generation of a certain
pattern of "inactive" motion the influence of which, upon the
turbulence field may extend as far as the smooth wall.
However, the difference between the measured turbulence intensity
profiles in the 28 mm and 54 mm ducts is not large, even though
the ratio of rib height:channel width was almost twice as
large in the smaller duct than in the larger. It is therefore
difficult to accept that the presence of the rough wall
opposite could account for the differences between these and
Comte-Bellot's findings. One is also persuaded towards the
opinion that if the flow near the smooth surface is not much
affected by whether the opposite plate, roughened with 3.2 mm
sq. ribs, is 28 mm or 54 mm away, then still Less will it be
affected by the width of channel composed of two smooth plates.
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The discrepancy between the latest data (1970) and those
obtained earlier (1968) is rather disappointing, since both
measurements were performed in the same channel, i.e. in the
same flow configuration. The discrepancy between the two sets
of data is greatest for X; ,k$ 20; the difference diminishes
with distance from the wall and for all X.
	 100 the two2
measurements are essentially identical.
Although only one Re number was considered during the
latest measurements, two runs were made (only one of which was
presented for clarity) which gave almost identical results.
These were in good agreement with data of Van Thinh which, in
turn, agree well with those of Laufer at the similar Re number
for 125 mm channels. This fact, as well as somewhat higher
confidence in the latest measurements in general, would suggest
that these results are more accurate and that the early measure-
ments were systematically too low in regions where the local
Z.
turbulence intensities (u--) are very high. This error may
probably be attributed to the absence of a lineariser.
•
3.5.8 Turbulent shear stress measurements 
Dimensionless distributions of the measured turbulent shear
stress are presented in fig.3.16. Also shown are the linear
total shear stress variations deduced from the smooth surface
shear stress (determined by a Stanton tube) and the measured
pressure gradient on the assumption of fully developed flow.
Fig.3.16a displays the measurements obtained with an
41..1
X-wire, normalised with U 7r and yo . Excluding the region within
three rib heights, the results show a very good agreement with
the total shear stress distribution for the lowest and highest
74.
Re numbers. Somewhat poorer agreement is obtained for the
medium Re number, probably due to the experimental error.
Two of the above profiles are also shown in fig.3.8 plotted
versus X2/D' thus displaying the shear stress distribution
with respect to the actual channel cross-section. The previously
discussed effect of Reynolds number is clearly apparent.
More detailed measurements in the smooth wall region
performed earlier with a single slant wire E53] in both the
28 mm and 54 mm channels are shown in fig.3.16b. Here the
results have been normalised with the smooth wall velocity and
length parameters U and yo , respectively. (The region coveredT 
by fig.3.16b corresponds roughly to the region of fig.3.16a for
X2
> 0.55).
The data for the 54 mm channel follow a linear shear stress
variation. For all three Re numbers the data lie almost
parallel to but slightly below the shear stress variation
deduced from the Stanton-tube measurement of the smooth wall
shear stress. A line drawn through the data would suggest
a smooth wall shear stress 6% smaller than measured with the
Stanton tube, and a rough wall stress about 2% higher than
that implied by the Stanton tube and pressure gradient readings.
Despite care, it is unlikely that the accuracy of the turbulent
shear stress measurements with a single slant wire is within
these limits.'
'It is noted that these 111112 measurements imply that the plane
of zero shear stress is even further removed from the plane
of maximum velocity than is shown in figure 3.13.
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The measurements in the 28 mm channel (lower profile,
fig.3.16b), despite rather higher experimental scatter, also
follow reasonably well the linear shear stress distribution.
Bearing in mind the difficulties of obtaining shear stress
measurements in such a small channel and the fact that the
size of the ribs was more than 10% of the plate spacing, the
results can only be looked upon as satisfactory.
3.5.9 Some remarks on shear stress - energy and shear stress - 
mean rate-of-strain relations 
The turbulence intensities and the shear stress, discussed
in the preceding sections may be considered to be the
fundamental properties of the turbulent flow and it is instruc-
tive to look in more detail at the measured relations between
them.
It is first recalled that the square of the turbulence
intensity components are physically the turbulent normal
stresses and the half of their sum represents the total kinetic
energy for unit mass of a turbulent motion. Furthermore, a
turbulent stress may manifest itself as either a normal or a
shear stress, depending on the selection of the co-ordinate
axes. Hence, the turbulent shear and normal stresses as well
as the turbulent shear stress and kinetic energy are closely
related and their relationship may reveal some important
features of the turbulence structure.
Pgactical models of turbulence imply, either explicitly
or implicitly, various relationships between the stress energy
and stress mean rate-of-strain fields. These relationships will
be the subject of more detailed scrutiny in Chapter 4 but here
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it will be useful to examine how well these relationships are
realised in the present flow configuration.
Firstly, the turbulent kinetic energy, calculated from
the turbulence intensities shown in fig.3.14 is displayed in
fig.3.17 for three Re numbers. The ratio of the turbulent 
shear stress and the kinetic energy is, then, plotted in fig.
3.18 showing a familiar pattern found in smooth channel and
pipe flow [27,31,76,77] as well as in boundary layer [712.
X
direct proportionality between the shear stress and the kinetic
energy. Such direct relationship is generally regarded as a
criterion for structural equilibrium of the turbulent flow,
characterised by a local balance of energy generation and
dissipation and has been used by Bradshaw et al [17] as a
physical basis for a prediction procedure for boundary layer
flows.
The reversal of the sign of the shear stress causes a
ulu2
steep variation of - in the central region of the channel and
ulu2
diminishes the flow area in which 	 is approximately constant
in comparison with the boundary layer flow on a flat plates.
ulu2
The averaged maximum value of the ratio 	 for the three
considered Re numbers about 0.26 is in a reasonably good agree-
ment with data of Comte Bellot but is lower than the value found
by Laufer in pipe flow (0.28) and considerably lower than 0.32
• The hypothesis of Bradshawut4at in boundary layer flow even
larger region of constant 1 2 can be expected if the "inactive"
motion near the wall and e irrotational motion near the free
edge is excluded from consideration could be applied only in
the wall-near - region in the channel flow and thence would
not change appreciably the situation shown in fig.3.18.
2In a considerable portion of the rough wall region, for T o-
Yo
0.1 - 0.6 the ratio does not vary appreciably, implying a
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as found by Klebanoff in a boundary layer at constant pressure
on a flat plate.
Nearthe smooth wall there is no region where the ratio
is uniform due to the small extent of the smooth wall region
in general and the strong influence of the opposite rough wall.
The shear correlation coefficient, shown in fig.3.19
displays very similar characteristics to that of the ratio
u
1
u
2 9 as could be expected. A remarkable constant behaviour
X2
occurs over the ratio. 	 0.1 - 0.65, where the correlation
Io
coefficient for all three Re numbers has a value of about
0.41 - 0.43, in general agreement with the results found in
channel, pipe and boundary-layer flow by previous investigators
[31,76,77,71].
The orientation of the principal stress axes is illustrated
in fig.3.20 where the angle a
si 
of one of the principal stress
axes is shown, calculated from the expression:
, -1r 2u1u2,
cana	
=s192	 177-u212
(3.19)
The angles of the stress axes vary considerably except in a
X2
part of the rough wall region for	 k$ 0.2 - 0.8 where they
have approximately the values of 17 8 and - 73 0 . These results
are close to those found in the outer region of other wall
flows.
For comparison, it is pointed out that the principal
axes of the mean rate of strain are orientated at angles:
aU
1
 aU
2
aX2 	&CI_	 4. 0
A192	
ltan- ( 	 ) - 45
2-
( 3.20)
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Thus, the angles are constant across the flow except
that there is an interchange of sign between the stretching
and compression axes at X2 = ym , the plane of maximum velocity.
The results, therefore, show a general nonalignment of
the principal stress and strain axes. Moreover, the phase
difference is not constaat but varies considerably across the
ducts.
This finding provides further illustration of the rather
loose connection between the turbulent shear stress and the
mean rate of strain and it is regarded as one of the reasons
for the relative failure of the gradient representation of
momentum transfer in turbulent flow, as is implied by an eddy
viscosity or a mixing length hypothesis.
3.5.10 Triple velocity correlations 
Triple velocity correlations were measured at two Re
numbers. Attention was concentrated on the correlations that
represent the turbulent diffusion of the kinetic energy and
shear stress as well as on the skewness of the probability
distribution of the u1 and u 2 fluctuating velocities.
The distribution of the four correlations across the duct,
normalised with U3 are presented in fig.3.21 a and b, separatelyTr
for each of the two different Re numbers. All the correlations
shown are rather similar both in shape and magnitude, only the
correlation u 3 u2 being somewhat larger for both Re numbers.1 
To display more clearly the features of each correlation
and any possible Re number effect, the measurements for both Re
numbers of each correlation have been replotted separately in
fig.3.22, a, b, and c and fig.3.23 versus the normalised distance
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X
2from the rough wall 	 Fig.3.22 shows the three components
yo
of the turbulent kinetic energy diffusion while in fig.3.23
the diffusion of shear stress is presented. In addition the
total kinetic energy diffusion (half of the sum of the components
shown in fig.3.22) is presented in fig.3.24.
As expected, all three energy diffusion components
X
exhibit a sign reveral at 70— pe 1.0 - 1.1. A characteristic
yo
feature of all velocity correlation that comprise odd powers
of the u
2
-component (compatible with the change of sign of the
shear stress u
1
u
2
). At roughly the same position the correla-
tion
12
 in fig.3.23 has a minimum value.
It is interesting to note that the zero values of the
correlations 772 '	 and 77 and consequently eu2 occur1 	 3 2	 2
approximately at the same position in the duct where the
turbulent intensities u and u
3
 (fig.3.14) and the total kinetic1
energy e (fig.3.17) have their minimum; this indicates at
least a qualitative agreement between the triple correlations
and the gradients of the turbulence intensities and kinetic
energy. More detailed discussion of the gradient approximation
of the turbulent diffusion of the kinetic energy and shear
stress is given in section (3.5.12).
Another change of sign of the correlations in fig.3.22
a and b and 3.23 occur near the rough wall. The same trend
is shown by the correlation 71 1 11
2
 in fig.3.22. However, as3 
pointed out earlier, the measurements in the vicinity of the
roughness elements are rather too imprecise to allow reliable
deductions.
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The correlation measurements shown in fig.3.22 b and c
and in particular those shown in fig.3.23 differ noticably
for two Re-numbers. The effect is rather unexpected, considering
the invariant behaviour of the turbulence intensities and shear
stress as well as the correlation 1757. 27 in fig.3.22a. Moreover,1 
the Re number effect has an opposite trend in figs.3.22b and
3.22c. It should be recalled that while ulu 2	and u u 2I 2
were evaluated from the directly measured corresponding correla-
tion coefficients, the correlation 7F2 was calculated from the
correlationsu 2 4-71- 7.13 3 	+ 3 111 2 and tq. It appeared that
(u 2+u 3 ) 3 is almost independent of Re number and the effect
shown in fig.3.22c is mostly a consequence of the Re number
effect upon u shown in fig.3.22b. Hence, an error in 1.1 7
would be reflected in an error of opposite sign in the correla-
tion up2 . Fortunately this descrepancy is self compensated
in the total energy diffusion term presented in fig.3.24; it
displays excellent agreement for both Re numbers.
3.5.11 The skewness and flatness factors 
The flatness and skewness factors of the probability
distributions of the u 1 and u2 fluctuating velocities is
shown in fig.3.25 a and b.
Skewness factors for both u 1 and u2 components follow
rather similar distributions. Small differences arise in
magnitude and, as discussed in the preceding section, in the
u 3	 .1
sign reversal of lc- ; in contrast, =-T remains negative over
ul
the whole considered part of the channel cvoss-section.
u32The distribution of the skewness factor 	 agrees well
u2
with the smooth-channel results of Comte Bellot. Both
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u32
experiments yielded a maximum value of	 independent of
2
Re number, of about 0.4 which occur, in a smooth channel, at
2X2	 2
. 0.7 and in the present flow configuration at	 0.8.
u/	 Yo
The skewness	 was measured only at one Re number, hence
ul
no check on a cuidaus Re number influence, reported by Comte
Bellot could be made. Generally the distributions show similar
features, although somewhat higher value was found in the
present investigation at comparable Re numbers.
The flatness factors of both the u 1 and u2 intensities
shown in fig.3.25b display very similar distributions, 
u1being slightly higher in the central region. It is
interesting to note that in the half of the duct cross-section,
nearer to the rough wall, the flatness factors of both components
aret within the limits of experimental error, Gaussian, having
values slightly smaller than 3.0.
The similar behaviour was found in a smooth channel by
COmte Bellot [31] and in a pipe by Lawn [821 although both
u42
results display slightly higher values of ,...4 .
u9
In the zone where the flows of smooth ad rough wall-region
interact, the flatness factorslincrease rather stemly to reach
u41	 2peak values of about 4.4 for z-zi and about 3.8 for	 (in
u9
comparison with the values of 3.5 and 4.0 respectivbly found
by Comte Bellot.
Accurate measurements of these higher velocity products,
even with the help of the lineariser, is rendered difficult by
considerable experimental uncertainties. However, considering
the good agreement of the present measurements in the rough
wall region with the results found in the corresponding wall
regions of a plane smooth channel and a pipe flow, the discrepancy
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which appears in the mixing zone around the zero-shear-stress plane
may be regarded as a consequence of the non-equal wall
conditions.
It is interesting to remark that the largest departure
of both skewness and flatness factor from the Gaussian value
occumin the central region of the duct where the local flow
strructure is nearest to isotropic conditions.
It should, however, be recalled that the skewness factors
represent the self-diffusion of the turbulence intensities,
a process that is not governed solely by local flow conditions.
In inhomogeneous flows, the turbulent diffusion is usually
nonzero. Hence, the inhomogeneity of the turbulence structure
in general, seems to impose a probability distribution on the
fluctating velocities which is not random, but skewed in
either positive or negative direction, depending upon the
flow configuration.
As pointed out in the introductory section (2.4) the
region in the neighbourhood of the plane of zero shear stress
may roughly be regarded as a mixing zone of the two flows, each
being influenced by the adjacent wall.
These two regions have essentially different flow structures
if the wall conditions are unequal. It seems conceivable
that their mutual interaction will cause an abnormal distribution
of fluctuating amplitudes, as indicated by the non-Gaussian
skewness and flatness factors. Closely related to the mixing
process is the appearance of the intermittancy notion as implied
by a considerably high value of the flatness factor.
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3.5.12 Turbulent energy balance 
For fully developed flow the equation for the conservation
of the turbulent kinetic energy (2.12) reduces to the following
form:
aU1
ulu 2 x
2
2
- 22 + pu2] -	 0X (3.21)
wherein viscous diffusion has been neglected; it is small
here except very close to the smooth wall.
The equation expresses the fact that the energy supply
to the turbulent fluid from the mean flow by the action of the
shear stress (generation term) and by turbulent diffusion (due
to the velocity and pressure fluctuation) is equal to the rate
at which the turbulent motion dissipates the energy.
The measurements undertaken in the present flow configura-
tion enabled all terms in the above equation, except the
pressure diffusion term, to be estimated. The distribution of
the terms of the energy balance equation is shown in fig.3.26
for two Re numbers. The results, normalised with D/U 3 are
Tr
plotted versus X2/D to display the energy balance over the
actual channel cross-section. (It is remarked however that
X2
with ac— as abscisa the curves would have shown better "univers-
yo
ality" with respect to Re number.)
The generation term was calculated from the shear stress
distribution deduced from the smooth wall shear stress and
pressure gradient, and from the numerically differentiated
measured mean velocity profiles. More detailed presentation of
the generation term in the smooth wall regions of both the
28 mm and 54 mm channels is given in fig.3.27.
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As far as the diffusion term is concerned, only the energy
diffusion by the turbulent velocity was estimated by differentia-
ting numerically the curve for du2 , shown in fig.3.24.
The pressure diffusion term is difficult to estimate, but
some evidence (based mainly upon rather successful closing of
the energy balance equation in some shear flows when pressure
diffusion term is neglected) suggests that, at least far from
a solid boundary, it is small. Since measurements close to
the walls were not performed, it is not possible to check
whether the integral of the diffusion term across the flow
cross-section is zero, as it should be. However, inspection of
fig.3.26 suggests that the positive and negative areas under
the curve over the considered region (covering about 85% of
the duct cross-section) are roughly in balance.
The direct measurements of the dissipation of the turbulent
energy poses great difficulties, but various indirect methods
have been used. The dissipation term presented in fig.3.26 was
estimated as a closing term in the energy balance equation (3.21),
that is as a sum of the generation and diffusion terms. This
method seems to be reasonably reliable since the turbulent
diffusion and, in particular, the generation terms can be
measured with a considerable degree of accuracy. The neglect
of the pressure diffusion term does, however, introduce some
uncertainties.
In order to check the dissipation term and the possible
presence of appreciable pressure diffusion, the dissipation
was also estimated from the inertial subrange region of the
u 21-energy spectra, by the method proposed by Bradshaw [15],
(see section 2.5.3). A tangent with -5/3-slope was fitted
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numerically to the spectral curves, as shown in fig.(3.32)
and the dissipation was calculated from equation (2.45) with
the value of the constant K = 0.51.
The results are displayed in fig.(3.28) together with
the dissipation estimated from the energy-balance equation.
A deviation between the two estimates of dissipation of
X2
about 20% appears at 17- = 0.5, but in other parts of the
channel cross-section the agreement between the two results
is satisfactory. This finding supports the idea that the
pressure diffusion term is small in comparison with other terms
in equation (3.21), and that the error incurred by its omission
is not appreciable.
A third estimate of the dissipation was made by calculating
three of the nine dissipative terms, using the components of
the energy spectra. The terms were conveniently expressed by
means of equation (2.44) through the Taylor microscale
which were calculated from the integrals, given by equation
(2.37). The results are presented in fig.3.29. The scale of
u	 2	 u 3 2the ordinates for the terms (-7---) and
	
is twice that
711 2	 '122	 X133
for	 so that, if the isotropic relation (equation 2.43)
X111
was satisfied, all three curves would have collapsed into one,
representing 1/15 of the total energy dissipation. As can be
seen, the three terms differ considerably except in the region
X2
of	 = 0.1 - 0.35. Moreover, even here thay yield a
dissipation which is only about one half that obtained by the
methods discussed above.
A partial explanation of the discrepancy may be attributed
to the inaccuracy of the spectra measurements at high wave
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numbers, which would considerably influence the values of the
integrals in equation (2.37). The other source of disagreement
probably stems from the deficiency of the isotropic relation-
ship between the various velocity derivatives as presented by
equations of the type (2.43) and hence the inapplicability of
equation (2.47).
It is worth mentioning that in other turbulence studies
the direct measurements of some of the dissipation terms and
application of isotropic relationship to deduce the remainder
has consistently yielded too low values of the total dissipation;
the subject is discussed in ref.[80].
The turbulent energy balance, presented in fig.3.26
displays, apart from strong asymmetry, a similar pattern to
that found in smooth channel and pipe flow; in the wall regions
the generation is balanced mostly by the dissipation while the
diffusion becomes important only in the central channel zone.
The small value of diffusion in comparison with generation and
dissipation, is particularly noticeable in the half of the
channel cross-section nearest to the rough wall indicating
the existence of the local energy equilibrium is also shown by
the distribution of some of the "structural" parameters discussed
in section 3.5.9.
There is a particularly interesting feature in the
distdlution of the generation term. Because of the non-coincidencE
of the planes of zero shear stress and maximum velocity, there
exists a region between these planes where the shear stress and
mean rate of strain have opposite signs, yielding a negative 
generation term. Here the turbulent flow is losing energy to
the mean flow. Since in the same region a considerable portion
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of the turbulent energy is also dissipated, the supply of energy
comes by the diffusion from the other flow regions. Indeed,
fig.3.26 shows that the gain by diffusion is largest in this
region of the flow.
While the possibility of negative turbulent energy genera-
tion that occurs locally in time seems plausible, the statisti-
cally averaged (here time-averaged) process of energy transfer
from the turbulent to the mean motion may seem at first sight
as to conflict the thermodynamics laws. In contrast to the
irreversible transfer of kinetic into the internal energy
(viscous dissipation where the processes at molecular scale
are also involved) the transfer of the kinetic energy between
the mean and turbulent motion in both directions is conceivable.
The phenomenon is clearly associated with the idea of a "negative"
(opposite to total) contribution to the shear stress by a group
of eddies of a certain size. It may be regarded as a consequence 
of the strong turbulent diffusive motion of a coherent eddy
structure into the region where the mean rate-of-strain has an
opposite sign from that where the eddies have originated.
Since the differential-rate-type Of relations between the mean
rate of strain and shear stress (as implied by the mean
momentum and shear stress equations) does not require a direct
local response of the shear stress to the mean rate of strain
and vice versa, both quantities may have an opposite sign in a
limited region.
In a fully developed flow, where the generation of
turbulence energy arises only through the shear stress, the
above phenomenon is always associated with noncoincidence of
the positions of zero shear and mean rate of strain, and hence
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a region of negative generation. However, in other types of
flows, the generation by the normal stresses may become
relatively important and "preserve" the natural direction of
the kinetic energy transfer in spite of a negative generation
due to the shear stress alone (see e.g. E123]).
Finally, fig.3.30 and 3.31 a and b display the diffusion
terms of the turbulent energy and shear stress compared with
the gradient representation. Fig. 3.30a and 3.31a show the
gradient-type diffusion in which the exchange coefficient is
defined as e 24 = elLe according to Kolmogoroff-Prandtl eddy
viscosity models, while the figs.3.30b and 3.31b display
corresponding diffusion terms with exchange coefficient defined
as U L • The latter was found by Lawn [80] to agree very
T
well with the triple velocity correlation figuring in the
corresponding equations for pipe flow. The present results
also indicate that the second representation shows somewhat
better agreement, although both cases are roughly of the same
quality.
3.5.13 Spectra of turbulent energy and shear stress
Spectral measurements were performed at several positions
in the duct which were chosen to cover all flow regions of
interest.
Measurements were confined to a single duct Reynolds
number of 36500; this corresponded approximately to the middle
of the three Re-numbers at which turbulence profiles were
measured. The measurements were time consuming and it was felt
to repeat spectral measurements at the other two Re-numbers
would not provide a compensating increase in information.
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The measurements of u 2-spectra were performed with both1
a normal and an X-cwire, placed both in the X1-X2 and X1-X3
plane. The results are shown in fig.3.32 for several positions
in the duct. The displayed data show close agreement among
all three measurements except for X 2/D . 0.5 where somewhat
lower values of spectra were measured by the normal wire at
higher wave numbers. (The same trend is noticeable to a slight
extent at other positions.) No plausible explanation for this
discrepancy can be provided except that the measurements with
a normal wire were performed during the early stage of the
experimental programme and may possibly be somewhat less
reliable.
The overall distribution of the one dimensional power
spectral densities for all three components and the cross-
spectral density are shown in figs.3.33 - 3.36 as functions of
the nondimensional longitudinal wave number, ki D where:
so that:
F..( k 1 D)0--(k D)13 1
u.u.1J
co
f0- (kl0)d(k1D) = 1
(3.22)
(3.23)
Each figure shows a monotonic fall-off with increase of
wave number, indicating that a considerable portion of the
kinetic energy and shear stress is associated with the largest
eddies. This monotonic behaviour of the spectral curves also
shows the absence of any predominant eddy structure that
could have been generated by the rough wall.
Llii
=•
lirn	 . (ki D)11
k 1-wk 1 .
min
(3.24)
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The lowest measured frequency of 25 Hz corresponds to
a wave number which is roughly equal to the reciprocal of
twice the width of the channel. The existence of such large
eddies elongated in the streamwise direction with a length con-
siderably longer than the flow width, has been reported in boun-
dary layer and channel flows. However, the interpretation of
the spectra at such small frequencies, in duct flow, is rather
imprecise because of the possible interference of mean flow
fluctuations. If these mean flow interferences were present,
they would have wave lengths comparably with the dimensions of
the channel test sections.
The approximate size of the largest eddies L lii in the X1-
direction may be deduced from expression (2.35). The exact
application of equation (2.35) would require measurements of
the spectra at rather small wave numbers so that the asymptotic
value of the spectra could be evaluated. Fig.3.34 and 3.35
show that u 2 and u2 spectra for all positions in the duct2	 3
have a flat portion of the curves at low wave numbers, while
in the case of u 2 spectra this behaviour is displayed only in1
the region close to the wall. For the evaluation of the
integral scale the arithmetic mean of the values of the spectra
at the three lowest wave numbers were used:
In view of this approximation, the absolute values of Lin
may not be particularly accurate, but the results are valuable
in making deductions about the relative magnitude of L ii for all
91.
three components. (A more detailed presentation and discussion
of all turbulence length scales is given in section 3.5.17).
The spectral curves show also a characteristic shift
towards the higher wave number as the wall is approached a clear
indication of the increase of the scale of the energy containing
eddies with the distance from the wall. This shift in each
diagram is noticable only in the vicinity of the wall since the
curves in the central position of the duct for 0.25 < X 2/D <
0.75 collapse into one, suggesting a rather uniform longitudinal
scale of eddies in this region.
Some indication of the average size of the large eddies
may be inferred from the length scales t in defined by equation
(2.36). Based upon the first moment of the spectra, this scale
gives prominence to the size of the energy containing and shear
stress bearing eddies. The distribution of t iiiis presented
in fig.3.53 (see section 3.5.17).
The behaviour of the spectra at higher wave numbers may
best be seen from fig.3.39 in which all three components of
the energy spectrum are plotted nondimensionalised by the
Kolmogoroff length and velocity scales. Although the scatter
of the experimental points is appreciable, considering the
uncertainties in the high frequency spectral measurements, the
graphs display reasonably well the universal behaviour of the
spectra at high wave numbers. This may also serve as an
indication of the existence of a considerable range of wave
numbers where the motion is locally isotropic, according to
condition (ii) defined in section 2.5.3-b.
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In order to display the proportion of the energy spectrum
allocated in each component, as well as the relative distrbution
of the shear stress spectrum, the unnormalised spectral
densities at some positions in the duct are presented in fig.
3.38 and 3.39. The figures show clearly that the main difference
between the energy components appears at low wave numbers as
a consequence of the high turbulence anisotropy.
The dotted lines, which represent the distributions of
F22 (k1 ) = F 33 (k1 ), calculated from F 11 (k 1 ), by means of the
isotropic relationship (2.33) agree reasonably well with the
measured values at high wave numbers. This can be taken as
further indication of a tendency towards locally isotropic
conditions (condition (iii), equation 2.38).
As expected, the shear stress spectrum falls off more rapidly
than the energy spectrum at high wave number. However, it is
remarked that it still has a significant level in the region
where F22(k1) and F33(k1) spectra follow quite closely the
isotropic relations. Hence, condition (iv), equation (2.39),
for the local isotropy may be regarded as considerably stronger
than condition (iii), equation (2.38).
The range of wave numbers over which the above conditions
of the local isotropy are satisfied is considerably reduced close
to the wall and in the case of X2/D = .047 it is hardly
noticeable.
The existence of the -5/3 law in the case of F22 (k 1 ) and
F 33 (k1 ) is noticeable only in the central region of the channel,
and even here it covers less than one decade. (Fig.3.34 and 3.35
X2for -7 = 0.240 - 0.75).
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In the case of F11(k1) spectra, the extent of -5/3 law
is much more pronounced and stretches over one and a half
decades in the central region of the channel. Close to the
wall, however, the spectra seem to follow k-1 law, as proposed
by Tchen for flows with high mean rate-of-strain (fig.3.32).
The relatively small extent of the -5/3 variation of the
spectral distribution of F 22 and F 33 suggests that complete
local isotropy occurs mostly in the dissipative range of the
spectra. The considerably larger range of -5/3 law of F11(k1)
spectra, even at wave numbers where turbulence anisotropy is
still appreciable, has been detected in other shear flows [31,
71,76]; an explanation of the phenomenon is, however, still
awaited.
Finally, the spectrum of total turbulent kinetic energy:
(F11 (k1 ) • F22 (k1 ) + F 33 (k 1 ))Oe (k i )	 0.5 (3.25)
as well as the shear stress spectrum, nondimensionalised with
the dissipation length scale Lk , are presented in figs.3.40
and 3.41 respectively. It should be noted that Lt was
calculated from the dissipation, e , evaluated as a sum of the
production and diffusion of the turbulent energy e, Fig.3.40
X2
shows that all curves, apart from that for Tr 0.50, collapse
into one over a decade in the medium range of the wave numbers..
X2The departure of the curve at D . 0.5 corresponds to the
discrepancy between the dissipation estimated from the total
energy balance and that obtained from the spectrum F11(k1)
in the inertial subrange, see fig.(3.32).
94.
Since this range roughly corresponds to the range of the
energy containing eddies, this finding supports the well
known hypothesis that the dissipation is primarily determined
by these eddies and that their size is well represented by the
dissipation length scale Lg.
The shear stress spectrum shows considerably higher scatter
but this may be attributed to the lower accuracy of the cross-
spectral measurements which require two frequency analysers
of ideally equal characteristics.
3.5.14 Spectrum of shear correlation coefficient 
The one dimensional spectrum of the shear correlation
coefficient:
u1 (k1 )u2 (k 1 )	 F1 2 (k 1 )R12 (k 1 )
 - t(k1 YU2 (k 1 )	 [F11 (k1 )F22 (k 1 )]1 (3.26)
at various positions in the duct cross-section is plotted in
fig.3.42. It should be recalled that R 12 (k 1 ) was directly
measured and that the shear stress spectrum F 12 (k1 ) was then
calculated from R12 (k1 )' F 11 (k 1 ) and F22(k1)' Hence, the
curves in fig.3.42 correspond to the shear stress spectra in
fig.3.36 and to the energy spectra components in fig.3.33 and
3.34.
A semi logarithmic scale was used in order to display the
actual sign of the correlation spectra.
Fig. 3.42 shows the rather different behaviour of the
correlation spectrum at various positions in the duct. In
the central region, but closer to the rough wall, the curves
show a monotonic and rather steep decrease with increase of
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X2
of wave number ( D . 0.5 1 0.75 and 0.85). Moreover, these
curves and the profile of X 2 /D	 .24 collapse into one at
higher wave numbers. Closer to the smooth wall, the correlation
spectra are flatter and retain a substantial value over a
large range of the wave numbers. This may be regarded as
further support to the stronger tendency towards local
isotropy in the central region of the channel and itsrelative
absence close to the smooth wall.
At low wave numbers, the correlation has a particularly
high value close to the rough wall, exceeding the value of 0.8.
Such high correlation suggest a large coherent and better organ-
ised eddy structure, strongly influenced by the roughness
configuration.
At larger distances from the rough wall the correlation
at low wave numbers diminishes as the direct influence of the
roughness decreases.
The medium wave-number range of almost all the spectral
curves exhibits a curious shift towards the positive sign (sign
of the shear stress in the rough wall region). Particularly
interesting is the curve for X 2/D . 0.146, a position where
the shear stress has a very small value. The shear correlation
changes sign twice here indicating that moderate wave number
eddies have a sign opposite from that of the large and small
eddies.
It should be recalled that the measurements of the small
values of the correlation spectrum may not be very accurate,
especially at low frequencies, where the required averaging
time for the steady mean signal was rather long. A check on
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X2the integral of the shear-stress spectra at the 'position 17--
0.146 yielded a value which was almost 30% lower than the
measured total shear stress, while at all other positions the
agreement was within ±10%. This discrepancy may also be
attributed partially to the possible small absolute error in
measuring the total correlation coefficient at this position
as well as determining the effective position of the hot-wire.
X2Nevertheless, the shear correlation spectrum at - 7 . 0.146
shows qualitatively the same behaviour as those at the neighbour-
X2ing positions (at 	 0.087; 0.108 and 0.240) and this may be
regarded as substantial proof that the indicated changes of
sign of the correlation spectra do indeed exist.
An interesting consequence of the above measurements is
that at the same position in the flow, groups of eddies of
different sizes, may bear average shear stresses of opposits
signs.
The reported measurements of the shear correlation coeffic-
ient in homogeneous shear flow* [22] and in pipe flow [80] did
not show any change of sign. The phenomenon measured in the
present flow should, therefore, be considered to be related to
the structural inhomogeneity, specific to the flow region where
the mixing of the two turbulent structures occur, each originat-
ing under the influence of radically different boundary conditions.
This result may be connected with the substantial departure of
the skewness and flatness factors from the Gaussian values in
this region of the flow, as discussed in section 3.5.11.
The reversal of sign of 12. 12 (k1 ) at high wave numbers in
homogeneous shear flow was measured ref.[22], but the authors
attributed this to the systematic instrument error.
u.u.(kiD)ut (kip)Oii, t(k 1D) -
U.U.01J t
(3.27)
(3.28)
and 1 2
u2 (kiD)u2 (kip) (3.29)
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Fig.3.43 shows the ratio of the shear stress spectrum
to the turbulent kinetic energy spectrum. It may serve as
an indication of the magnitude of the shear stress compared
with the content of the energy associated with the eddies of
the particular wave number. As expected, fig.3.43 is very
similar to the fig.3.42 since they essentially display the
same features of the turbulence structure.
Finally, it is pointed out that the indicated increase
in value of all correlations in both fig.3.42 and 3.43 at
very high frequencies is probably due to the high level of the
instruments noise correlation.
3.5.15 Diffusion spectra 
Fig. 3.44 presents the one point spectra of the triple
correlation of the velocities u 1 and u2 measured at three
different positions in the channel cross-section. The spectra
are plotted in the form of normalised, nondimensional spectral
densities:
where i, j and t take values 1 and 2 in five different
combinations. The spectra:
(k1D)Ø12,1
uu2 (k 1D)u1 (k 1p)
(3.30)
u2 (ki D)u 2 (kip)1 
01112(k1D) (3.31)
uiu2
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are two of the three components of the general term 0i2,i'
the divergence of which represents the spectral density of
the turbulent diffusion of the kinetic energy. Similarly,
the divergence of the term:
012, 2 (k1 D)
k1 D)u 2 (k1 D)
17-1712
represents the spectral density of the diffusion of the shear
stress.
An alternative form of the triple-correlation spectra was
also measured for two of the above:
which is the counterpart of term (3.28) and:
u(kiD)ul(kiD)
022,1 (k1D) _
1 2
(3.32)
which similarly is the counterpart of term (3.30)*
The two alternative forms of the diffusion spectra represent
two different aspects of the turbulent diffusion mechanism [167.
The first process(terms (3.28), (3.29), (3.30)) concerns the
diffusion of the energy and shear stress of the eddies of the
considered wave number k 1 , while the second form of spectra may
X2
*0„1 n spectrum was measured only at one position,	 0.047..L
The
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sixth combination of the general term (3.27) is 022,2 which
is identical to the term(3.29) representing the self diffusion
of the energy component T .
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be regarded as representing the diffusion for which the
eddies of wave number k 1 are responsible.
Qualitative differences between these two forms of triple
spectra at low wave numbers were found by Bradshaw and Feriss
[18] in the mixing layer. A pronounced peak	 appeared
only in the spectrum form (3.31) but not in spectrum of
form (3.28); this finding led the authors to conclude that
the large eddy structure was diffused less than eddies of smaller
scales, but that the large eddies themselves diffused most of
the energy of the smaller eddies.
The presented spectra in fig.3.45 allow no dbfinite
X2
conclusions in this range. At IT- 0.047, 0„ ,-spectrum is
slightly shifted towards the higher wave numbers compared with
its counterpart 01„ of the total triple correlation ulu2
while the two spectral forms of the 11 1112 ,i.e. 0 4„ and 022,12 J4,4
show very little difference at this position. This is perhaps
understandable near the smooth wall where all scales of the
eddies are similar and relatively small. In the central region
of the duct, the spectrum 022,1
larger-scale eddies (i.e. lower wave number) than the spectrum
of 012 2 This trend is opposite from that found in ref[18]
for the spectra 011,2 and1L0 i , ,.	 part(Unfortunately in this p21
of the channel 0„11.„74 was not measured, hence a direct comparison
is not possible.)
A plausible physical explanation of the above findings
does not seem to be possible at present, However, another
noticeable feature displayed in fig.3.44 should be pointed out,
namely the grouping of the spectral curves of the form 0.. ,139-L
is weighted towards considerably
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and curves of the spectra Oi j72 (particularly pronounced at
X2
. 0.240). The first group falls off at considerably lower
wave number than the second group. The difference between
these two groups of spectra is qualitatively similar to the
difference between 0 11 and 022 spectra of the kinetic energy,- 
indicating that the turbulent "diffusion velocities" of a
particular wave number u 1 (k1 ) and u2 (k 1 ) exert a dominating
effect upon the diffusion spectra.
Figs.3.45 and 3.46 show the triple spectra normalised
with the dissipation length scale Le , i.e. in the same
co-ordinates as the energy and shear stress spectra in figs.
3.40 and 3.41. The data show considerable scatter, However,
considering the uncertainties in the measurements of the triple
spectra, the curves seem to follow a unique behaviour in the
same wave number region as that in which the energy and to some
extent the shear stress spectra collapse into one curve for all
positions in the duct. This may serve as in indication that the
energy and shear stress containing eddies, describable by LE,
are mostly responsible for the diffusion of both kinetic energy
and shear stress, and, hence that the dissipation length
scale may, to a reasonable approximation be regarded as a diffu-
sion length scale too.
It is instructive to compare the above diffusion spectra
directly with the spectrum of the shear stress (Fig.3.41)
(which essentially represents the diffusion of momentum). It
may be seen that the shear stress spectrum falls off more
steeply than the diffusion spectra. Now, a gradient type of
diffusion is usually associated with the small scale motion and
(3.33)
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hence the above findings would imply that the gradient
approximation of the momentum diffusion (eddy viscosity hypo- .
thesis) is less appropriate than the gradient representation
of diffusion of turbulent energy and shear stress.
3.5.16 Lateral space correlation 
Some ideas about the eddy structure and scales may be
inferred from the two point space correlation of the fluctuat-
ing velocities.
The two point lateral space correlation coefficient of
the u1 velocity component, defined as:
R11 (0 ' r 2' 0) -
u1 (X2 )u1 (X2+r 2 )
.1 (X2 )731 (X2+r 2 )
was measured by means of two normal gold-plated hot wires. One
of the wires was kept fixed, while the other wire was moved
across the duct in both directions.
The results shown in fig.3.4 7 are split into two graphs
for clarity. It may be seen that the measurements show good
agreement if the fixed and moveable wire are interchanged,
i.e.
u
F (X2 )u
m(X2 +r 2 ) = u
F (X2 +r 2 )u
m (X2 )1	 1	 1	 1 (3.34)
where F and M denote fixed and moving wire respectively.
A partial check of the results was provided by repeating
on a different occasion, the measurementf with a fixed wire
X2positioned at	 = 0.42. The two sets of measurements show
excellent consistency.
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The following interesting features emerge from fig.3.47:
(i) The correlations at all points appear to be rather
asymmetric, as could be expected in the light of the
strong lateral inhomogeneity of the flow.
(ii) When one of the wires is positioned close to the smooth
wall, at sufficiently large r 2
 the lateral correlation is
is negative. This indicates that the instantaneous fluid
movement along the direction of the mean flow in the
region close to the smooth wall is on average of the
opposite sign from the movement in the remainder of the
channel cross-sections.
X
(iii)In the central region of the duct, for T52- 0.2 - 0.5 the
correlation coefficient decreases almost linearly with
increase in wire separation.
The last feature seems particularly interesting since in
most shear flows the space correlation coefficients exhibit
an exponential-like fall off, with a positive curvature (a
pattern also displayed by the correlation coefficients measured
close to the walls in the present flow configuration).
Small curvature of the correlation coefficient at larger
r 2 can be regarded as an indication of a rather uniform eddy
size, in contrast to the wide range of eddy sizes, characterised
by the curved correlation coefficient. Zero, and even small
X2positive curvature found in the region IT,- 0.2 - 0.5 shows
roughly the extent of the penetration of the rough wall structure,
which is here suppressed by the structure originated at the smooth
wall.
°In a plane channel or pipe flow continuity requirements require
that the correlation coefficient R11(0'r0) takes negative
values at large r2 (Hinze [63]).
103.
The boander skirts of the correlation coefficient in the
central zone of the channel implies that the size of the large
eddies, relative to the channel width, is considerably larger
than in a smooth channel or pipe, where the correlation coeffic-
ient falls off more steeply. This is further evidence, that
the width of the rough wall, yo region, (occupying more than
i of the channel cross-section) characterises the lateral flow
dimension compared with just half the width of the channel for
a symmetric duct flow.
Clearer indication of the last finding is illustrated
in fig.3.51 where the lateral integral length scale defined
as:
+00 dr 2211	 ((I 2
	
0)D	 = 1R1" %w " D
	
' 	 7
- 00
(3.35)
is plotted. (More detailed discussion is given in the next
section 3.5.17.)
The contribution to the space correlation from various
frequencies of the u 1-velocity component may be inferred from
fig.3.48 1 where the filtered space correlation coefficient,
X2
measured with one wire fixed at 	 = 0.42, is plotted for
some discrete frequencies. A cross-plot of the curves in fig.
3.48 at particular wire separations is presented in fig.3.49.
Both figures show that the main contribution to the space
correlation comes from the low frequencies, as could be expected.
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3.5.17 Turbulence scales 
A survey of the various turbulence length scales measured
in the smooth-rough channel is given in figs.3.50 - 3.55.
The length scales defined in terms of the two point
correlation or spectrum tensors are also tensor quantities of
the second order, with nine components. Only some of these
were deduced from the measurements undertaken in the present
investigation.
The components of the integral length scales Lii i evaluated
from the spectra (equation 2.35), are plotted in fig.3.50.
These components are usually called the longitudinal length
scalesbecause they represent roughly the extent of the
longitudinal direction at which the fluctuating velocities are
appreciably correlated.
Because of the difficulties in measuring the spectra at
very low frequencies, as well as because of the uncertainties
of the validity of theTaylor's hypothesis, the magnitude of the
scales may not be particularly accurate. Any resultant error
would, however, be expected to be systematic and the graph
provides a qualitative comparison between the various scale
components.
The main feature of all the presented curves is a double
maximum, each occuring rather close to each wall, and a more
or less constant value of the scales in the central position
of the channel. Suprisingly, the scale L 133 has higher values
near the smooth than near the rough wall.
As also found in smooth channel [31], the scale L III has
much higher values than L122 and L133 . Particularly asymmetric
is the scale L I:12 , obtained from the shear stress spectrum.
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is difficult to assess, because of insufficient number of
experimental points.
The longitudinal components of the Taylor microscale 
calculated from the second moments of the energy spectra
(equation 2.37), are presented in fig.3.53.
The isotropic relations, according to which
X111 = /4122 = /4133
is obviously not satisfied, as pointed out earlier in section
3.5.11.
For comparison, the Kolmogoroff microscale r = (v3/e)1,
representing the approximate size of the dissipative eddies
is also plotted in fig.3.54 the ordinate being enlarged by
a factor of two, for clarity. The figure shows the maximum
value of n is only about 1/6th of the maximum of x ill , a fact
which indicates the inadequacy of the Taylor scales for the
specification of the small scale eddies.
The evaluation of the lateral microscale x 211 was also
attempted from the curvature of the lateral space correlation
coefficient at zero separation. The results however were
unsuccessful. Because of the small width of the flow (D), the
absolute magnitude of the microscale is small and their
evaluation required measurements of the space correlation at
much smaller separations than the minimum separation of about
0.5 mm used in the present work.
Finally, fig.3.54 and 3.55 show the scalar dissipation
83/2length scale defined as LE	• Here the dissipation
was evaluated from the energy-balance equation.
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In spite of considerable scatter, the results
for both Re numbers show a reasonably good agreement. Both
X2
results display a noticeable inflection at about b--- = 0.2.
Recalling that Le estimated in pipe flow [80,124] exhibited
a maximum value at about of the radus and had a dip in the
central region; the curve on fig.3.54 indicates that Le
follows a similar pattern in each of the two regions separated
by the plane of zero shear stress. The magnitude of the scales
in each region appears to be proportional to the region width,
as indicated more clearly in fig.3.55 where the common abscisa
represents the distance from the corresponding wall normalised
with the distance of the zero shear stress. For illustation,
a qualitative distribution of L E for a symmetric channel is
also plotted by dotted line. The figure shows good agreement
between the scales close to each wall. In the zone where the
two regions interact, the distribution of Le adjusts itself
to match the scales in the two regions, thus leading to the
inflection point.
3.5.18 Summary of the turbulent flow findings 
The principal findings of the turbulent flow measurements
are summarised below:
(i) The dissimilar wall conditions impose a strong asymmetry
upon the turbulent flow field, which is markedly more
pronounced than the asymmetry of the mean motion.
(ii) Each wall dominates the turbulent structure in the near-by
region. Hence, two major flow regions, with distinct
distributions of the turbulence parameters, may be
distinguished, being approximately separated by the plane
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of zero shear stress. Wall friction velocities U sTand
UTr and the distances of the zero-shear-stress plane
from the corresponding walls yo and yo appear to be the
only significant velocity and length scales, respectively,
in the major portion of each region.
The basic turbulence parameters, which include the
turbulence intensities, turbulent shear stress, higher
velocity correlations and terms in the energy balance
equation when normalised with the above scales show a
universal behaviour, invariant with Re-number over the
majority of each region.
(iii)The region governed by the rough surface, occupies far the
greater part of the channel width. In the major part of
this region, the distribution of turbulence quantities
is very similar to that in the half of the symmetric plane
channel having a width equal to twice the width of the
rough wall region. The turbulence structure here is in
an energy equilibrium, characterised by the balance of
the local turbulent energy generation and dissipation.
The shear correlation coefficient, the ratio of the shear
stress to kinetic energy and the angles of the principal
stress axes, all have constant values in this part of
the channel, corresponding approximately to the values
found in other equilibrium walls flows.
(iv) The smooth wall dominates only a small portion of the
chanhel cross-section. The effect of Re number, very close
to the smooth wall, and the strong influence of the rough
wall on the other side of the region, further reduce its
"universal" portion where turbulence parameters scales on
U and y
o 
only.TS
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(v) A considerable portion of the channel core region is
characterised by mutual influence and interaction between
the two wall regions. Here the distribution of turbulence
parameters cannot be described in terms of a single
velocity and length scales.
(vi) The probability distribution of the turbulence intensity
in the major parts of each wall region is close to the
normal distribution, as indicated by approximately Gaussian
values of the skewness and flatness factors. Both of
these statistical parameters, however, depart significantly
from the Gaussian values in the mixing zone. A high and
asymmetric diffusion of the turbulence causes the probability
distribution to depart from the purely random distribution,
suggesting also an intermittentcharacter of the turbulence
structure in the zone.
(via)Close to the position of zero shear stress, parts of the
shear correlation spectrum 1/ 12 (k 1 ), (and hence the parts
of the shear stress spectrum 0 12 (k0 are of the opposite
signs. This indicates that the groups of eddies of
different size bear the shear stress of opposite signs
at the same points of the flow.
(viii)Because of a strong asymmetric diffusion of a coherent
eddy structure, the position of zero shear stress and
maximum velocity do not coincide, resulting in a region of
the flow where the production of the turbulence energy
bUl
is negative; that is, there occurs an energyu 111 2 ?x2
transfer from the turbulent flow field to the mean flow.
This sink of turbulence energy is compensated by a diffusion
from the rough-surface side of the flow.
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(ix) The measurements of the turbulent flow properties has
indicated the existence of the local isotropy at least
in the dissipative part of the universal equlibrium
range, in spite of strong overall flow anisotropy. The
following characteristics of the spectra distribution at
high wave numbers support the above conclusion:
- universal variation of the energy spectra when normalised
with Kolmogoroff velocity and length scales;
- agreement between the measured spectra of	 and 7 with
those calculated from u 2 spectra by means of the isotropic1
relations;
- rapid fall-off of the shear stress spectra as compared
with the energy spectra.
The other criteria listed in section 2.5.3 ( b ) were also
satisfied in the same range of the wave numbers.
(x) The spectrum of the 7-energy component, measured not too
close to the walls, display a k -5/3-variation over a
considerable portion of wave number space, covering well
over one decade.
(xi) The dissipation of the turbulent kinetic energy, estimated
as a closing term in the energy balance equation, when
the diffusion by the pressure fluctuation is neglected,
agrees reasonably well with the dissipation calculated
from the distribution of the energy spectra in the inertial
subrange, not too close to the walls. This finding indicates
the relative unimportance of the pressure diffusion in
comparison with other terms of the turbulent energy
equation.
(xii)The longitudinal components df the turbulence scales show
similar distribution and magnitude relative to the channel
width as those found in a smooth channel and pipe flow.
(xiii)The lateral integral scale follows a similar distribution
but has a magnitude proportional to the width of the
larger of the two wall regions in the channel, and, hence
is considerably larger than in a symmetric channel of the
same width.
(xiv)The dissipation length scale LE e 3/2 AE in each of the
wall regions depends also upon the width of that region;
as a result, its maximum value is roughly in proportion
to the width of the rough wall region (compared with
half the channel width in a symmetric channel flow). Its
dependence upon the flow asymmetry is therefore closely
similar to the dependence of the lateral integral scale.
Turbulence energy and shear stress spectra as well as the
diffusion spectra show reasonably well a universal
behaviour in the wave number range of energy containing
eddies when normalised with the dissipation length scale It
(xv) The findings, quoted in (x/v) support the idea, exploited
by the prediction method (described in Chapter 4) that
the dissipation length scale may be utilised as a single
length scale to represent both diffusion and dissipation
processes.
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CHAPTER 4
4. THEORETICAL INVESTIGATION 
4.1 Introduction 
The objective of the present theoretical investigation is
the provision of a procedure capable of accurate predictions
of strongly asymmetric boundary layer flows. Moreover the
procedure should, of course, provide accurate predictions of
the less complex flows for which much data is already available.
When the research was initiated, physical models actually
used for predictions(such as eddy viscosity models)were designed
to deal with simpler flows that exhibited some regularities in
behaviour and could not yield accurate predictions of asymmetric
flows. Those more general methods which could, in principle,
cope with asymmetric-flow situations were only in an embryo stage
of development.
Two possible pathS suggested themselves: either to extend
existing models by introducing extra terms to account for
asymmetry or to devise a higher order model from a more general
consBeration of the dynamics of the turbulence. In fact, both
patha were followed but the latter soon showed itself to be the
more promising. The final form adopted, presented in section
4.3.3 entails the solution of transport equation for the turbulent
shear stress, kinetic energy and its dissipation. This represents
the main outcome of the theoretical research programmes.
The practical resolution of problems of turbulent motion
has two aspects. The first is of a physical nature: it concerns
the establishment of a closed set of governing equations. The
second is the mathematical aspect and deals with the solution of
the resultant equations.
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The mathematical part of the problem has advanced rapidly
in recent years with the advent of the digital computer. The
appearance of the very successful numerical procedure of
Spalding and Patankar [122] for solving parabolic partial
differential equations was, in particular, decisive in the
orientation of the present work. Firstly, it removed the main
obstacle to the adoption of a more comprehensive and physically
sounder differential approach to the problem. Secondly, it
enabled attention to be concentrated on the physical aspects of
the problem. Finally, its versatility enabled a diversity of
flow configuration to be dealt with for the purpose of testing
and optimising the physical models.
All predictions presented in this work have been obtained
by solving the relevant sets of parabolic differential equations
by Spalding-Patankar procedure.
4.1.1 Nature of the problem 
The essence of the problems of Reynolds statistical, time-
averaged approach to the treatment of the turbulent flows is the
appearance of turbulent stresses in the equation of mean motion
(2.3 & 2.4) which represent the additional unknown variables
and require specification.
The exact differential equations for the Reynolds stresses
(represented by eqns. 2.8-2.11), are easily derived, but they in
turn contain the unknown third order velocity correlation.
Indeed, the differential equation for the n-th order velocity
correlation can be derived from the basic equation (2.2), but
it will always comprise the unknown velocity correlations of
the (n+1)th order, as a consequence of the nonlinear character
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of the turbulence. In addition, the equation for the n-th
velocity correlation also contains correlations of the same
order which include the fluctuating pressure and spatial deriv-
atives of the fluctuating velocities.
Because the number of unknowns always exceeds the number
of the equations, one cannot obtain an exact closed system,
describing the time averaged turbulent properties. Hence,
any pratical approach to the problem is bound to be approximate.
However, since the problem appears to be of an asymptotic nature,
a sufficient degree of accuracy may be expected by making
assumptions which bring about closure at a relatively low level.
The principal objective is, therefore to close the system
at the level, where the residual unknowns may be satisfactorily
expressed in terms of 'Variables of a lower order, the equations
for which are included in the considered system. Here a
compromise has to be sought with regard to universality and
accuracy on one hand, and with ease and economy on the other.
The most ambitious propositions in the literature so far
imply closure with equations for the third-order velocity
correlations. However, solutions have been attempted only for
the systems closed with the equations for double velocity
correlations (i.e. Reynolds stresses). Even at this stage, the
problem is rather complex and the great majority of practical
methods rely on closing the equations for the mean motion
directly by using approximations which relate the Reynolds
stresses directly to the mean velocity fields.
115.
4.1.2 Predictions of asymmetric flows - requirements and 
restrictions 
(a) Requirements 
Since any approach to the problem will basically be
approximate, it is necessary to specify the criteria with
reference to which the predictions will be regarded as satis-
factory. In the present work the author set as his objective
the provision of a turbulence model which, with a unique set
of empirical constants, would predict within the accuracy of
available data, those flow properties which appear in the mean
momentum equation; that is, mean velocity profiles and shear
stresses.
Some of the models considered also yielded predictions of
other measurable turbulence quantities such as the turbulence
kinetic energy. If, as in fact turned out to be the case, the
empirical constants could be chosen to give good agreement with
these data top / without disturbing the accuracy of mean-flow
predictions, then so much the better. Of course, a turbulence
model which did give genuinely reliable predictions of mean-
flow properties and shear stress would be expected to give
correspondingly good predictions of any turbulence properties
which it predicted as a by-product.
Emphasis has been placed upon those parameters directly
relating to the mean flow for two reasons. Firstly it is the
prediction of mean-flow quantities which is of direct concern
to the engineer. Secondly, experimental data on the mean flow
are usually of a precision substantially greater than measure-
ments of turbulence quantities.
116.
(b) Restrictions 
The present consideration is confined to the following
conditions:
(i) the fluid is incompressible,
(ii) the local turbulence Re number is high,
(iii) the flow is quasi parallel so that the boundary-
layer approximations are valid.
The quoted restrictions dictate the overall boundaries
but particular physical models may require additional assumptions
about the flow structure. These will be specified when each
model is described. The concluding chapter of the thesis
(Chapter 5) discusses the extension of the finally-adopted
turbulence model to flows in which some or all of the above
restrictions are absent.
4.1.3 Outline of the theoretical chapter 
The Introduction is followed by section 4.2 which presents
a brief survey of the better known existing differential methods
for predicting turbulent flows.
The theoretical models which were developed and tested
during the course of this research are recounted in section
4.3. Firstly the path that was followed is described in section
4.3.1. Three of the models that were proposed specifically
for the treatment of the asymmetric flows are discussed briefly
in section 4.3.2 with some details given in Appendix 4. The model
that was finally adopted as satisfactory is described and
illustrated in section 4.3.3.
A summary of the main outcome of theoretical investigation
is presented in section 4.3.4, followed by the main conclusions,
given in Chapter 5.
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4.2 Brief Survey of Existing Methods for the Closure of the 
Turbulent Flow Problem 
4.2.1 Classification of the methods 
A great variety of methods has been proposed for
establishing an approximate closed system of the differential
equations, governing the motion of a turbulent flow. However,
the methods differ in principle as well as in degree of sophis-
tication and complexity so that any classification scheme must
be rather arbitrary.
•
Rodi and Spalding [111] have classified the methods
according to the number of differential equations solved*.
Another classification for the boundary layer flows was
adopted by W. Reynolds [110] based upon the treatment of the
turbulent shear stress term. The first of his two groups,
called "mean field methods" relate the turbulent shear stress
to the mean velocity field only, while the second, "turbulent
field methods", require the calculation of some aspects of the
turbulence fields.
Here a somewhat different approach has been adopted. The
methods are classified into two basic groups acording to whether
the turbulent shear stress, or the rate of change of the shear
stress is specified in terms of local flow parameters.
The methods of the first group will be called turbulent
viscosity models since they employ local gradient transport
of momentum as implied by the early mixing-length and eddy-
viscosity models.
•In addition to the mean momentum and continuity equations.
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The second group of methods involves the solution of a
differential transport equation for the turbulent shear stress.
The classification scheme is illustrated in the Table 4.1
below.	 0-
Table 4.1
TURBULENT VISCOSITY METHODS DIFFERENTIAL TRANSPORT METHODS
.
SIMPLE MODELS REFINEDMODELS
2nd ORDER
MODELS
3rd ORDER
MODELS
Mixing length
[106]
Kolmogorov-
Prandtl eddy
viscosity
formula
[72],[107]
Transport equa- Transport equa-
tions for double
and triple velo-
city correlations
[23-25],[36-39],
[75],[92 & 93]
tions for u 1u 2
Eddy viscosity [17]	 e
Transport equa-
tions for turb-
ulent stresses
+ algebraic
length scale
E423,[81],[112]
One equa-
tion models
[6],[45],
[503 2 [115],[119]
Two equa-
tion models
[56],[57],
[72],[97],
[98],[111]
Transport equa-
tions for turb-
ulent stresses
and length
[112]scale
Transport
equations
for eddy
viscosity
[96]
Transport equa-
tions for turb-
ulent stresses
and energy dis-
sipation [58]
Apart from physical motivation, this classification
appears to be particularly convenient in the present work,
since it emphasises the difference in the applicability of
the methods for the prediction of asymmetric flows. While
the second group of methods, based upon the exact differential
-u u =1 2	 p bX2
aul (4.1)
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rate equation is sufficiently general and indiscriminate, the
turbulent viscosity methods cannot yield satisfactory prediction
of all important parameters and properties of strongly asymmetric
flows without additional modification or extrapolation.
An interesting method which cannot be allocated to either
of the above groups has been proposed by Lumley [86] .	 The
approach followed is that of the rational sequence of approxima-
tion used in continuum mechanics. Further attention is given
to his approach in section 4.2.4.
A further subclassification may be performed within the
two basic groups defined above. Thus a distinction is drawn
between simple turb. viscosity methods in which eddy viscosity
is specified in terms of the flow geometry and the local mean
flow field only, and refined turb. viscosity methods, where the
eddy viscosity incorporates some turbulence properties for which
separate differential transport equations are solved.
Similarly, the differential transport methods may be sub-
divided into second and third order models, with respect to the
order of the velocity correlation at which the set of the equation
is closed.
4.2.2 Turbulent viscosity methods 
These methods are essentially based upon the eddy viscosity
concept of Boussinesq:
Because of its simplicity, the model has been used very
extensively for the prediction of various types of turbulent
flows.
21U11
=	 j bX21 (4. 2)
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If confined to self-preserving flows, which can be
described by one velocity and one length scale only, and flows
in local equilibrium, where the spatial and time evolution of
the flow structure is slow and uniform, the eddy viscosity
hypothesis appears to be a good approximation. However, the
weakness of the physical justification of the concept becomes
apparent, if more general flow situations are considered.
The main representatives of this class are discussed below:
(i) Simple turbulent viscosity methods and mixing length concept
The mixing length model implies the well known definition
of turbulent viscosity proposed by Prandtl [106]
The first practical proposition for the mixing length
specification in a confined flow was given by Nikuradse [99] for
pipe flow. Other forms were also proposed for pipe and plane
channel, in the form of algebraic or transcendental functions
[102], or a simple ramp function [46]. A "harmonic mixing
length", defined in terms of the sum of the reciprocal of the
distances from all solid surfaces, integrated over a space angle,
was proposed by Buleev [20]. This concept may be regarded as
a generalisation of the simple mixing length model for the case
of noncircular ducts where the flow structure is influenced by
more than one wall.
In all these cases the mixing length was assumed to depend
only upon the geometry of the duct cross-section.
Geometrical eddy viscosity 
Closely related to the mixing length model are methods
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that imply a direct specification of the eddy viscosity as a
function of the flow geometry.
(ii) Refined turbulent viscosity models 
KolmogorobE[72] and Prandtl [107], while retaining the notion
of a "turbulent viscosity", recognised that the properties of
such a viscosity should depend upon turbulent rather than mean
flow properties. They supposed that at high Re numbers it should
depend on fluid density, the turbulence energy and a length
scale of turbulence. Thus, by dimensional analysis:
= C p e
	 (4. 3)
This formula has been adopted in recent years as one of
the components of several physical models.
One equation models. Several workers [6,45,50,115,119,131]
have developed one-equation turbulence models entailing the use
of the Kolmogoroff-Prandtl formula. They determined the kinetic
energy e by way of a transport equation (a simulated form of 2.12)
and specified the length scale distribution algebraically. These
models represent some improvement in comparison with mixing
length: they relate the turbulent shear stress to the turbulent
flow field and incorporate the evolution of the flow by consider-
ing the history of the turbulent energy through its differential
equation.
Two equation models. The need to specify the length scale
L and the inability to account for all the main features of
turbulence by only one turbulence parameter e are the main
objections to "one equation models". In order to overcome
these deficiencies, Kolmogoroff [72] proposed a differential
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equation for "frequency" w which yielded an implied length scale
L (where L el/w).
A more direct approach was later suggested by Rotta [112] who
derived a differential rate equation for the integral scale of
turbulence itself.
Rotta's equation for L or alternatively forthe product eL,
used in conjunction with an energy equation and the Kolmogoroff-
Prandt1 formula, has been used recently for the predictions of wal
boundary-layers (Ng and Spalding [97,98] and of quasi-parallel
free flows (Rodi and Spalding [111].
Another intuitively formulated equation for the length scale
was proposed by Harlow and Nakayama [56] and tested for the
prediction of grid turbulence and turbulent pipe flow. More
recently, the same authors abandoned this scale equation and
adopted instead a differential equation for the turbulent energy
dissipation. (It is noted that rather more rigorous equations
for dissipation had earlier been derived by Chou [23] and
Davidov [39] as components of more complex models, discussed
in section 4.2.3 below.)
Following the approach of Kolmogoroff, Spalding constructed
an equation for the "square of the frequency" w e/L2, regarded
as being proportional to the time averaged square of the fluctua-
ting vorticity.
The above models are closely related to each other since
they all employ the turbulent kinetic energy as one turbulence
parameter, and a combination of energy and length scale as
the other.
Differential equation for eddy viscosity. A different
approach was followed recently by Nee and Kovasznay [96], who
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formulated intuitively a differential rate equation for the
eddy viscosity itself. As pointed out by Bradshaw [18] (see
also the discussion in ref.[96]), an exact transport equation
for 12— ( 211—) may be derived from the Navier Stokes equationsDt aX2
which may then be used to convert the Nee and Kovasznay equation
Dvir
for 73— Into an intuitive transport equation for the turbulent
Du1u2
shear stress Dt
4.2.3 Methods based upon the transport equation for the turbulent 
shear stress 
(i) Second order models 
A more rigorous way of treating the turbulent stresses
is to consider the exact differential rate equations (2.8 	 2.11).
The difficulties in closing the equations have diverted most
earlier workers to the simpler phenomenalogical models. Recently,
however, these equations have gained increased popularity.
The first practical proposal for closure of the equations
for the second order correlations was given by Rotta [112] who
solved his equation set for fully developed turbulent flow in
a plane channel (excluding the viscous sublayer). Nikuradse's
expression for mixing length was used for the specification
of the length scale. In a second paper [112], Rotta proposed
a set of differential equations for all relevant turbulent
stresses and for the integral length scale L, mentioned earlier.
More recently, Levin [81] used equations for the turbulent
stresses and an algebraic mixing length to consider the
prediction of wall boundary layers. In the course of this work
he extended the model to include the viscous sublayer.
1.24.
Donaldson [42] employed the same model with a constant length
scale for the prediction of the flat plate boundary layer.
An attempt was made to predict the forward transition , too.
Recently, Harlow and Hirt [58] considered equations for
the turbulent stresses and for the energy dissipation. The
model has been tested in several flow situation.
A different approach to the differential transport equations
for the shear stress was proposed by Bradshaw and Ferriss [17].
Instead of the exact differential equation for the shear stress
u 1u2 7 the authors started from the better known equation for
the turbulence energy e and converted it into an approximate
equation for u 1u2 by presuming a unique algebraic equation
relatingthe shear stress and turbulence energy. For the purpose
of demonstration, 1.1 1=75 was taken as a constant. With this
assumption the method has been used successfully for the
prediction of boundary layer flow in various conditions as
well as for the prediction of compressible boundary layers and
some types of the thnee dimensional flows. Because of the
direct relationship between the shear stress and kinetic energy,
the method in its present form is not suitable for the
prediction of the flows where the shear stress changes signs.
Recently, however, attempts have been made to modify the model
for the predictions of flow in a plane symmetric channel [18].
(ii) Third order models 
A method which includes the solution of differential equa-
tions for the third order velocity correlations was originally
discussed by Millionshtchikov [92 & 93] and Chou [23-25].
Millionshtchikov postulated that "at the stage when the third
order moments are small, and the laws of the distribution
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approach the normal ones, the fourth moments are connected
approximately with the second by the same correlations that are
strictly fulfilled for the normal law".
Chou used a similar hypothesis for closing the system
of the equations at the third order level and derived, in
addition, a differential equation for the vorticity decay,
which enabled him to specify the decay of the double velocity
correlation. The correlations involving the pressure
fluctuatiOns were approximated from a consideration of Poisson's
equation for the fluctuating pressure.
A similar set of the equations has been postulated more
recently by Davidov. In a series of papers [36-39] he discussed
the possibility of closing a system comprising equations for
all double and triple velocity correlations. Firstly [38],
the differential rate equation for the product of the kinetic
energy and its dissipation (etc) was formulated. Later [39], this
equation was replaced by a more rigorously derived equation for
the dissipation E • In addition the differential equations for
the components of "turbulent diffusion" of energy dissipation
/ auk 2
vu.t---) , were also derived, so that his complete set comprises
aXt
23 differential rate equations (in addition to the continuity
equation) but only four empirical constants.
Kolovandin and Vatutin [75] followed a similar path, but
expressed the components of the destruction term in the equations
for the turbulent stresses in terms of the six components of
the microscale tensor which themselves were determined from
differential transport equations. The system was closed by
additional differential equations for the pressure-velocity
correlations which appear in the equations for double and triple
velocity correlations.
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The engineers application of the third order models is
still a matter of future. In addition to the second order
transport equations it brings ten more differential equations
for the triple velocity correlations (four of them significant
in boundary-layer type of flows) and progressively more unknown
terms to be approximated.
A practical objection to Millionshtchikov's hypothesis
(upon which most of the proposed 3rd order models rely) can
be put forward. The hypothesis is valid only if the
probability distribution of the fluctuating velocities is
close to normal. However, in these circumstances the triple
velocity products are small and can be approximated by simpler,
algebraic expressions in place of the complicated differential
equations. If, on the contrary, the triple products are signif-
icant and require more rigorous, differential treatment, then
the above hypothesis based on normal probability distribution
is inadequate.
4.2.4 Method of Lumley 
The original method for the rational sequence of approxima-
to
tion/a "simple" fluid developed by Coleman and Noll was applied
by Lumley [86] to the prediction of the Reynolds stresses in
a turbulent flow. The Reynolds stress tensor is expressed in
the form of a functional, dependent on the Couchy strain tensor.
The strain-rate field is assumed to v ry slowly with time and
space and the functional is expanded into series, the terms of
which are expressed as functions of the mean rate-of-strain and
Its derivatives. The coefficients were defined in terms of
turbulence time and length scales and are assumed to be universal
and invariant with co-ordinate systems.
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It is assumed that successive terms in the expression
correspond to longerand longer time memory and wider awareness
to the environment. In the limiting case when only the first
term is considered, the expression for the shear stress reduces
to the eddy viscosity concept.
The method has also been extended to the treatment of the
Reynolds stress spectrum, though as in the above case, no
practical calculations have been reported. Some pratical
implications of this model will be discussed in the section
4.3.
4.2.5 Turbulent viscosity methods modified for the treatment 
of the asymmetric flows 
Experimental reports on the noncoincidence of the positions
of the zero shear stress and maximum mean velocities have led
Hinze [647 and Launder [78] to modify the eddy viscosity concept
to remedy this deficiency. Both models introduce an additional
term into the Boussinesq expression containing the second
derivative of the mean velocity:
PTI-6U1 2U11
-u u =	 L	 + 5(7(--1 2	 p aX2 (4.4)
where y is a new coefficient defined in terms of the turbulence
properties; the two authors propose different forms for the term.
The qualitative consideration by Launder and the comparison
of Hinze's model with the experimental data in the asymmetric
plane jety performed by Beguier reveals that both models yielded
correct behaviour of the shear stress if the consideration is
confined only to the region around the position of its zero values
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Both these models have been tested in the present work
and more detailed discussion will be presented in the next
section.
4.3 Methods Investigated in the Present Work 
4.3.1 The overall path
The path followed in the development of an adequate
theoretical model for the class of flow considered in the
present work is shown schematically in Table 4.2.
All methods concern the closure and solution of the mean
momentum equation for steady incompressible quasi-parallel
flows:
aul 	au	 au	
1 2.12._U1
	+ U2-2dX1 = -01771 u1u2 ) --f71 ax12	 2	 2
(4.5)
For the testing of each considered model, flows in plane
channels, both symmetric and asymmetric, wei. e adopted as the
reference flow situations. The predictions have been compared
with the present experimental results and also with data of
ref[27],[31] and [76].
The starting point for the theoretical programme was the
top left hand entry in Table 4.2 in which the Kolmogoroff-
Prandt1 formula was used for turbulent viscosity, an algebraic
length scale distribution was assigned and the turbulent kinetic
energy was determined from a simulated form of the exact
transport equation for this property.
The widespread use and relative success of turbulent viscosit
models in a variety of simple flows caused the writer to consider
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their extension to account for the important features of
asymmetric flows. Hence, astable 4.2 shows, several variants
of the "extended" turbulent viscosity models were developed
and tested. The main features of these models are described
in section 4.3.2 below and, the details are presented in
Appendix 4.
The possibilities of these models were never fully
exploited because, it became clear, during the course of this
research, that the use of a transport equation for shear stress
itself gave grounds to hope for a more generally applicable
model based upon sounder theoretical arguments.
The main deficiency of the model in which transport equations
were solved for e and u1u2 (located at centre right in Table 4.2)
was that the length scale distribution appearing in the turbulence
transport equations was not a universal function of the geometry:
for accurate prediction, adjustments to the level of length scale
had to be made depending upon the degree of roughness of the
surface. For this reason the writer began to explore the
possibility of solving a transport equation from which the
length scale could be determined. Firstly, following Rotta,
a transport equation for energy-length scale product, eL, was
devised and solved simultaneously with the energy equation (at
this stage the Kolmogoroff-Prandtl formula was used to
determine u1u2 ). The predictions of L were generally in accord
with the empirical algebraic formulae which had hitherto been
used. They did, however, yield a number of unsatisfactory
feAtures (described in section 4.3.3). An equation for the
energy dissipation g was thus selected for testing as an
alternative to eL: as it turned out this equation was much better
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TABLE 4.2 FLOW CHART OF EVOLUTION OF PRESENT THEORETICAL
PROCEDURE
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MODEL TESTED IN DETAIL IN SEVERAL FLOW SITUATIONS
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behaved. Thus, the final stage of the theoretical work
consisted of sewing together the u 1u2
 e and e-g models to
provide one in which transport equations for 11 111 2 e ands were
solved in the course of the solutions.
The generality of this final model was then assessed by
making comparison with a number of other well documented
measurements of asymmetric boundary-layer flows. The descript-
ion of this model and an illustration of its capability and
universality is presented in section 4.3.3.
The models appearing in column 1, which entail a direct
application of eddy viscosity, were Considered only to provide
guidelines in the development of the models appearing in
columns 2 and 3, and to serve as a base from which improvements
in the models could be judged. Since they essentially represent
simpler forms of the extended models of column 2 and 3, they
will not be discussed separately.
4.3.2 Extended turbulent viscosity methods 
This section contains a brief account of the first stage
of the theoretical programme in which a number of extended
turbulent viscosity methods were examined. (A more detailed
treatment is to be found in Appendix 4.)
(a) Analysis 
A common feature of these models is the representation of
turbulent shear stress as the product of the turbulent viscosity
and mean velocity gradient plus a second order term:
-	 =ulu2 vTax
2
- u1u2 • (4.6)
The physical motivation for the above equation is the idea
that the turbulent transport of momentum is of a dual nature:
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a gradient transport by small scale turbulence and a
convective-type transport by the large scale turbulent motion,
represented here by 111112 •
The concept appears sufficientlygeneral: the crux of
the problem concerns the representation of the term u 1u2 •
Three different proposals for its form have been tested here.
These will be examined shortly, but first, the common feature
of the three models will beconsidered.
Although equation (4.6) does not imply any particular
form of the representation for VT , the Kolmogoroff-Prandtl
formula (4.3) has been used here. This formula requires the
specification of the turbulence energy e l the length scale L
(here diffusion length scale) and the empirical constanc Cp.
(i) Turbulent kinetic energy 
The exact transport differential equation for the turbulence
energy (2.12) is of the same mathematical form as the mean
momentum equation and can, therefore, be solved by the same
numerical procedure to yield the distribution of e. However,
several approximations are necessary for closure of the equation,
since it  contains terms which includfq,t, 1:=C, pu2 and
au. au.1.) as unknown. The following paragraphs discuss thev 'aX. WC.
closing assumptions.
aUl
The term (q - u2 )---, representing energy generation by 1 aXi
normal stresses, may be neglected in boundary layer flows
(except in the region near separation), and is zero by defini-
tion in fully-developed duct flows.
The turbulent diffusion of energy is assumed to obey the
gradient transport law, as already implied by the eddy viscosity
concept for the transport of momentum.
(4.8)
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(es +p )u 2 	- re.2	 (4.7)
where r is the turbulent exchange coefficient assumed to be
proportional to eddy viscosity, i.e.
where d
e 
is Prandtl-Schmidt number for the turbulence energy e.
This assumption implies that the diffusion length scales
for both mean momentum and turbulent energy are proportional
to each other and represented by L.
The rate of dissipation of turbulence energy in flows at
high Re numbers is known to depend only upon the energy itself
and the scale of the energy containing eddies. Dimensional
analysis thus yields the following expression:
bui e3/2t v(—T-cA 	)	 ce L
j	 3
(4.9)
where Lt is the dissipation length scale.
Thus, the approximate form of the turbulence energy
equation may be written as follows:
a
=
(v+v
T
)	
•e
3/2
'16X	 26X2	 	 6X2 a 	"T6X2 - u1u2 ) X - 9E L21	 e	 ° 2
(4.10)
containing the empirical constants ae , Ct.' and cc.
(ii) Length scale 
The equation for the turbulent energy (4.10) contains
two length scales L and L . Although these scales are not the
same in general it is reasonable to expect them to vary in a
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similar fashion: Thus considering the degree of approxima-
tion implied by the method so far, it may be assumed that Dzi4t.
It remains to specify a unique length scale which will
represent both L and L.
In the group of models which were used here (as well as
for the e - u1u2 model) the following algebraic length scale
was enployed (see Appendix 4 for notes on its derivation).
L
a 
= x Eg + O.4g 2 + ( A-6.4) 3 ]
	 (4.11)
where
X2 X2D ( 1 1r)	 is the nondimensional
parameter representing the
distance from both walls
2Y
A 32	 (1 ---a) - represents the influenceD
of the unequal wall conditions
x - constant, specifying the maximum value of
La /D at the centre of the
plane symmetric channel or
pipe (.0.14).
It was assumed that L and Le were . proportional to La with
the proportionality constants included into the constants c4
and cg.
The above expression was formulated earlier during the
tentative testing of a simple mixing length model forthe
prediction of the plane channel flow. Nikuradse's formula for
the mixing length in pipe flow served as a starting point, but
the original expression was modified to give a better fit to the
135.
experimental mixing length distribution in a smooth plane
channel, and then extended to incorporate the effect of the
unequal wall conditions. The details of the derivation are
presented in Appendix 4. Equation (4.11) is symmetric in a
plane channel, regardless of its flow configuration, and the
influence of dissimilar wall conditions leads only to an
Laincrease in the level of 	 in the central channel region vis
a vis the symmetric channel case*.
(iii) Shear stress hypothesis 
Three proposals for the extension of the eddy viscosity
formula were considered and tested. A brief discussion of these
is presented below and the details are found in Appendix 4.
Model of Hinze-Bequier The conventional derivation of
the eddy viscosity concept in terms of the Lagrangian velocity
correlation was extended by Hinze 1647 to include nonuniform
distribution of the intensity of the lateral turbulent transport.
A gradient transport of momentum is assumed, but the basic
formula is expanded into a Taylor series up to the second order
terms. With some approximation the model may be represented
by the formula:
4 2ubui
	 L2	 1e  -
	 3
_111112
=
 ceTCax2 4"
 Ca-1 6X2
	
(4.12)
where c
a
 and C
c
 are empirical constants.
Beguier [9] arrived at the same expression and assumed that
L represented the turbulence integral scale. By restricting the
•It may be recalled that the experimental investigation (Chapter
3) showed that, although the level of the various length scales
was substantially higher than in a smooth channel, the profiles
displayed much less asymmetry than the other variables.
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use of the second order term to only the region near the
velocity maximum, no correction to the first part of expression
(4.12) was required, implying cc	1. However, the original
derivation of Hinze implies a continuous and general expression,
and a choice of c c different from unity appears to be necessary
in order to satisfy those flow conditions which are well
predicted by the first order eddy viscosity concepts.
Model of Launder. Following the arguments of Prandtl
mixing length theory, Launder [78] derived an expression for
the flux of a conserved property taking into account the
gradient of the length scale. Applied to the transport of
momentum, the relationship may be written in terms:
bul b2U11
-u1u2 c v_E--- c L---c	 bX2	a aX2	 e
(4.13)
For the original expression the constants c c and ca
were both assumed to be unity, but the length scale L, contained
also in vT , required modifications.
The constants c a and cc were introduced in the present
work to enable use of the unique length scale, specified by
expression (4.11).
Model with third order term. Lumley's approach to the
approximation of the turbulent shear stress in the form of a
Taylor series of the mean rate-of-strain tensor [86], may also
serve as a base for constructing a practical form of extended
eddy viscosity model, since it reduces in the limiting case
to the eddy viscosity concept.-
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Applied to a fully developed flow, the general expression
of Lumley (shown in Appendix 4) reduces to a simple form
containing only terms which represent the spatial nonuniformity
of the flow. Expressing the coefficient of the higher order term
by means of dimensional analysis, the expression may be written
as:
	
r
aU1	 b3,	 ,
—U	 C v	 c	
U1
	1U 2 = c T aX2	a aX2
(4.14)
This expression differs from the previous two models
since the additional shear stress term is expressed in terms
of the third instead of the second velocity derivations.
Because the coefficient of the higher order term contains only
scalar properties (here v TL 2 ) , this model is conceptionally
more general than the two previous models which contain deriva-
tives of either e or L and are hence not invariant to the
co-ordinate system.
(b) Solution 
The differential transport equation for mean momentum (4.5)
and time averaged kinetic energy (4.10), the algebraic relation-
ship for the length scale (4.11) and the phenomenological
expression for the turbulent shear stress (4.12, 4.13 or 4.14)
represent a closed set which may be solved to yield the distribu-
tion of U1 , e, L and 111112.
(i) Evalution of constants 
The system contains the following empirical constants:
't 9 Cp 9 ce c,
	 CC , a
The application of the models to some simple, known flow
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situations impose constraints which enable the value of some of
the constants to be directly determined. Thus, from a
consideration of equilibrium wall flows the following
relationship results:
ulu2
)
3/2ulu2 )2(	 ( (4.15)
The value of ulu2 - 0.28 was adopted here to give
0.53 and c	 0.15.
Requiring that the additional shear-stress term should
not affect appreciably the flow predictions in the constant
stress layers gives the following constraint relating the
constants c
c
 and c
a
:
Hinze-Beguier model:
X2 e
c[1-0.5c 2	 "1"--] = Ia n, e bX2
Launder's model:
Cl - c
a
e] =
third order model:
c
[1+2c
a
10] =
(4.16a)
(4.16b)
(4.16c)
It was intended to optimise the constant ca by comparing
predictions with experimental results. As discussion in section
(c) will show, however, none of the considered models were
fully satisfactory i.e. no single pair of values for the
constants c
a
 and c
c
 gave realistic predictions for different
types of flow. The predicted results with some of the values
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assigned, shown in figs.4.1-4.6 illustrate, however, their
magnitude and effects.
The value of Prandtl-Schmidt numberC
e
 = 1.3, found to
hold well in the first order Kolmogoroff-Prandtl model was
used in the extended models too:
(ii) Boundary conditions 
Details of the treatment of the boundary conditions
implied by the Spalding-Patankar numerical method has been
reported elsewhere (see e.g. [121] and [122]) and here only
a brief account of the specific conditions used will be
presented.
The models used are valid only at high Re numbers, hence
the viscous sublayer near the smooth wall was not considered.
Moreover, it was not possible to take account of the flow in
the vicinity of the ribbed walls. The universal logarithmic
velocity profiles for smooth and rough wall were, therefore,
used to relate the wall shear stress and the velocities at the
nearest grid point to each wall. These were specified in the
form of "wall functions" as used in the Spalding-Patankar
procedure. The values of the free constants in the logarithmic
expression were taken from the experimental findings, reported
in Chapter 3: Bs = 5.45 and Br . 3.2.
For the turbulence energy equation, local energy
equilibrium at the first grid point was presumed to prevail;
leading to the conditon 	 = 0 at this position, for fullyBX2
developed flow.
(iii) Considered flow situations and reference experimental 
data
Two flow configurations were examined with each of the
considered models.
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(i) flow in plane smooth-rough channel, representing
an asymmetric quasi-parallel flow,
(ii) symmetric flow in a plane channel with smooth walls.
Although the physical models and the numerical procedure
were sufficiently general to allow the consideration of develop-
ing flow also, at this stage the interest was concentrated only
on fully developed conditions because of the availability of
experimental data.
The experimental results reported in Chapter 3 served as
reference data for testing the models in the asymmetric flow
situations and for optimisation of the constants c a and cc in
the additional shear stress terms U 1u2
For the plane smooth channel, there exist several sets of
experimental results that may be considered [27,32,76] in
addition to the present data. However, certain discrepancies
among the results of various authors needed to be reconciled
or neglected before the reference data weres6.1_E!cteci s ,for instance
the physical assumptions inherent in the considered prediction
method imply that the universal velocity profile U *;/s)q-
 is
independent of Re number, in the wall region, contrary to the
findings of Comte Bellot [ 31] and Clark [27]. The slope of e
in the logarithmic region, represented by the values of x differ
also. However, the measurements in both smooth and smooth-rough
channel reported here showed that x = 0.42 holds satisfactorily.
The predicted logarithmic velocity profiles were therefore
compared with the present experimental results.
The magnitude of the "wake component" of the mean velocity
profile may be characterised by the non-dimensional	 difference
between the maximum and average velocity. Clark [27] found that
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U -17
2.32 for Rem . 10 4 - 105 . Somewhat higher values,U T
2.5 - 2.6, were obtained in the present experimental investiga-
tion. Laufer [76] and Comte Bellot [31] did not evaluate this
parameter but the shape of the velocity profiles indicate
roughly similar values to those obtained in the present work.
As the parameter is not particularly sensitive, the predicted
values of 2.3 - 2.6 (still considerably smaller than the value
of 4.07 found in a pipe by Nikuradse) may be considered
satisfactory.
The kinetic energy profiles of various authors differ
appreciably in level although the shape is similar. As will be
shown a suitable selection of the constant cp may generate any
desired level of e which agrees well with any one of the
reported experimental results, without influencing significantly
prediction of the other variables.
(iv) Solution procedures 
The considered channel flow was specified by the channel
width D, mean flow Re number and fluid properties - density and
viscosity. The initial profiles of velocity and turbulence energy
were assumed to be uniform.
A nonuniform grid was used containing 20 - 40 grid points,
squeezed near each wall thus ensuring more detailed coverage of
the wall regions where the velocity gradient is high.
(c) Results and discussion 
(i) Optimisation of constants 
The optimum values of the empirical constants were sought
by trial and error to yield predictions closest to the reference
experimental results. As mentioned earlier, the flow in a
symmetric channel may be predicted reasonably well with the
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first order Kolmogoroff-Prandtl model(as shown in fig.4.1).
The extension of the model was therefore desired to show its
effect mostly in the asymmetric flows.
(ii) Results of predictions 
Figure 4.1 compares, for the case of flow through a smooth
channel, predictions obtained with the conventional Prandtl-
Kolmogoroff formula with data of Comte Bellot [31] Laufer [76]
and the present author (all for nearly the same Reynolds number).
Two of the predicted profiles for turbulent energy e are
presented for two different values of constant Cp. The lower
curve was obtained with Cp = 0.53; which corresponds to
U-17-1 2
= 6.28, while the upper curve corresponds to Cp = 0.49,
ulu2
that is to	 = 0.24.
The displayed velocity and shear-stress profiles are
those obtained for Cp = 0.53, but very similar distributions
are also obtained for other values of cp ( not shown here for
clarity).
The distribution of the second order term u1u2 * of each
of the three considered extended models is shown in fig.4.2.
The diagram shows that all three models are capable of predict-
ing the position of zero shear stress closer to the smooth
A2U
wall than the position of maximum velocity. Since aX2
everywhere across the duct, the sign of the terms which include
the second velocity derivative depends on the coefficients in
froftt. The model of Launder requires that length scale reaches
its maximum closer to the channel centre than the zero shear
stress plane. This condition is always satisfied in the present
model where the length scale distribution is symmetric. As
mentioned earlier, experimental evidence shows that this
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condition is also fulfilled in reality since the asymmetry of
the measured length scales in a smooth-rough channel is less
pronounced than the asymmetry of the profiles of other variables.
The model of Hinze-Beguier requires, however, that the
minimum value of the turbulent kinetic energy lies always on the
opposite side of the zero shear stress position from the
position of the velocity maximum. This condition is fulfilled
in the present flow situation although this may not be a
general behaviour. If the stationary values of both mean
velocity and the kinetic energy occur on the same side of the
zero shear stress position the constant c a would have the
opposite sign. The relative closeness of the points where the
shear stress changes sign and where the turbulence energy exhibits
its stationary value make this model rather sensitive and
its universality questionable.
The model with third order velocity derivative is most
general since its coefficient is a positive scalar and the sign
of u1u2 is determined by 322- and therefore dependent directlyaX32
upon the mean velocity profile. The physical implication of
this is, however, obscure.
The predictions of the flow in a smooth-rough channel
with Hinze-Beguier and Launder's model are shown in figs.4.3
and 4.4 respectively where the distribution of the normalised
velocity profiles and the absolute values of the shear stress
and its two components u	 and u1u2	 are shown.-T a X2
The application of the Launder model to the smooth channel
is illustrated in fig.4.5. Here the same constants were used as
in fig.4.4.
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The presented predictions do not show the final outcome
of the optimisation procedure but serve to convey a general
illustration of the main features of the considered models.
As could be expected, the extent of the effect of the second
order term may be regulated by the selection of the value of the
constant c
a
. It appeared, however, that to increase c
a
 caused
predictions in a smooth channel to worsen. Thus, the reasonable
agreement betwen prediction and measurement shown in fig.4.4 and
4.5 was achieved only by roughly doubling the constants c c and
c
a
 over what Launder originally proposed. However, with the
same constants, predicted profiles in a smooth symmetric channel
are then grossly in error. The wall shear stress is about
Um-U
111% higher and the parameter - 1.5 which is much smallerUl
than the quoted experimental values of 2.3 - 2.6. The first
order Kolmogoroff-Prandtl model yields 2.45.
The predictions of the asymmetric flow by means of the
Hinze-Beguier's model, displayed in fig.4.3 are rather
unsatistfactory. The maximum velocity Um is too high and the
total shear stress is too low.
The third order model generates predictions on both smooth
and smooth-rough channels rather similar to those obtained by
Launder's model. This would be anticipated from the
qualititavely similar behaviour of the term u1u2 • , shown
in fig.4.2.
The reason for the unsatisfactory performances of all the
considered "extended turbulent viscosity" models lies in the
fact that the additional shear stress term u1u2 • is large
close to the walls where its influence is not desired, while
it is small in the central channel zone where its effect is needed
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In order to depress the effect of u 1u2 close to the wall
and to preserve the universal velocity distribution, c c had
to be made greater than unity; this however leads to too high
a value of the effective eddy viscosity cc vT in the region
where u1u2 • is small, thus causing too small a velocity
gradient and hence too low a rwake component" of the mean
velocity.
This deficiency could perhaps have been overcome if a
different length scale distribution was specified. The
generality of such a procedure is however questionable;
different flew situations would probably require different
length-scale modifications.
Further development of the extended phenomenological
methods were not perBued since a method based on the differential
trarott:equation for the shear stress, described in the
next section proved to be much more successful, general and
physically sounder.
4.3.3 Differential transport method - model with transport
equations for u 1u2 , e and 6
(a) Analysis 
The model described in this section is based upon the
exact differential transport equation for the turbulent shear
stress.
Although the equationk for all stress components may
be closed with the same degree of approximation and solved
simultaneously by the same procedure, it appeared profitable at
this stage to consider only the shear stress equation and to
replace those for the three normal stresses by a simpler equation
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for their sum, that is the turbulent kinetic energy e. The
number of the differential equations is thereby reduced by two.
As will be shown, the closure of the shear stress equation
may be approximately performed by introducing two scalar
turbulence parameters: turbulence energy e and itsdissipation
c, for each of which a differential transport equation is solved.
Hence the model consits of three differential equations in addi-
tion to the mean momentum equation.
The selection of the di gpipation 6 as a second parameter
was made after some preliminary testing with Rotta's differential
equation for the integral scale L and product eL had proved
them not to be fully satisfactory. The conventional simulation
DL	 D(eL)
of both — 
and 1.1t— equations (in a form containing threeDt
empirical constants) did not permit the predictions of a
logarithmic velocity profile in a constant shear stress layer.
It is, however, pertinent to add that Ng and Spalding [97,98]
and Rodi and Spalding [111] have gone ahead with the use of
the eL-equation. An additional, intuitively derived term was,
however, needed for flows near walls containing two further
empirical constants. Moreover a second diffusion term was
also required and different set of constants were used for near-
wall flocks and free flows. In view of these shortcomings, the
equation for g appears to be better conditioned than the eL-
equation. Considering the degree of spproximation involved in
the closure of both the eL and c-equation, it is difficult to
provide a physical motivation for choice between these two
variables. One could, perhaps, argue that the integral scale,
employed in Rotta's equation, is weighted much with the lowest
wave numbers and is therefore not representative of the scale
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of the energy containing eddies which are mostly responsible
for both the energy dissipation and diffusion processes.
However, the practical superiority of the dissipation equation
resides in the fact that the diffusion of e is reasonably
accounted for by a gradient-type representation where the
diffusion of eL is not.
(i) Transport equations for the turbulent stresses 
The exact transport equation for the turbulent stresses
may be written, using tensor notation in the form:
Ql.••nnn
Du.u.1
Dt
aui	 au.
( u uka + uj ukax 1}„.
generation
Apu. apu4
11--a- 4 ?X • i -j -k" p s aX. aX
turbulent diffusion
b2u.	 eu.
+ \Au	 + uiaXk	 )(Ic
u.1+p(— + —1)ax.
pressure-rate
of strain
correlation
viscous terms
(4. 17)
(where repeated indices imply summation).
The convection and generation term may be treated exactly,
while the other terms need to be approximated. If only the
equation for the shear stress is considered, an approximation
for the normal stresses in the generation term is also necessary.
Pressure-rate of strain correlation 
The importante of the correlation of the fluctuating
pressure and fluctuating rate of strain has long been recognised,
but the uncertainties in its estimation and practical approxima-
tion has in the past been the main obstacle to solving the
differential equations for the stress components. When the
normal-stress components are summed (to give the kinetic energy
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equation), the pressure-rate of strain term vanishes because
of the continuity conditions. Thus it neither produces nor
destroys turbulent kinetic energy but causes only an energy inter-
change between components.
More definite conclusions about the origin and effects of
this term may be inferred from Poisson's differential equation
governing the fluctuating pressure, which may be derived by
taking the divergence of the Navier-Stokes equation and
subtracting the time averaged part:
2p	 bUs
p bX 2 —	
M
—
axm 
bxt —C)1-- •
bX
m
 (11,11m	 1.111.1m) (4.18)
Formal integration of the equation yields the following
expression for the pressure fluctuation at position X0
au
p(i. ) =	 +	 u -u u )1r) ,dV(g),	 (4.19)o	 4n ax	 aX aX
m
tm4mx 
2-10m
where the integral is evaluated at position	 (excluding the
region close to the solid boundary, where an additional surface
integral - hereneglected - becomes important).
au.
Equation 4.19 can now be multiplied by (-)g and
o
averaged to yireld an equation for the pressure-rate of strain
correlation at g
o
:
U. aU U. 	 2u u	 U.
EID7 -] g = itift2(77,1")V(—AV(=1) + (--L42)71(--1)7l ] dV()
j 0	 dAin A 6At A aAj Ao	 aAt aAm A axj A0
auiaui
= 477-] A + [13.77]T (4.20)
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As equation (4.20) shows, the pressure rate of strain
correlation originates from two types of physical processes.
The first part, (denoted by A - following Crow 1343) arises
from the mean rate of strain and its interaction with the turb-
ulence, while the second part (denoted by T) is generated by
the mutual interaction of the various turbulence components.
In an anisotropic, homogeneous flow with small or zero
mean rate of strain only the second part of the pressure-strain
correlation is significant. Since such flow must decay to
the statistically more probable, isotropic state, the energy
aui
redistribution process representedhere by Cp.---X ] T occurs in?. 
such a way as to transfer energy from the components of higher
intensity towards that with lower intensity. The term, there-
fore acts to restore isotropy and the corresponding term in the
shear stress equation must act to diminish the value of the shear
stress. These arguments have led several workers to conclude
aui
that Cp---] should be proportional to the degree of anisotropy
aX. T
and a plausible form of the approximate general relation was
proposed by Rotta 1112-114]:
	
au.	 au.
[E( 1 +	 - C i(u6 2
	
p aX.	 X. T	 e iuj	 ij7e) (4.21)
This approximation is supported by the experiments performed
by Uberoi [126] in anisotropic homogeneous shear free turbulence
produced by subjecting originally isotropic turbulence to an
axisymmetric contraction of the cross-sectional area. Since
the mean rate of strain was zero the measurements of the
convection and dissipation terms enabled the pressure-rate of
aui
strain terms Cp7R-J T to be deduced by difference from the
° i
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differential transport equations for the normal stress
components ul and u. By replotting Uberoi's data, Rotta [113]
shows that the equation (4.21) was well satisfied for both
1 and i 2 and estimated the value of constant c. These
findings were also confirmed in more recent experiments in nearly
homogeneous shear flow by Champagne et al [22] although different
values of the constants were found for each of the three com-
auiponents of CID7y7],l.
o
If originally isotropic turbulence is subjected suddenly
to a distortion by an imposed mean rate of strain, during the
initial stage of the process only the first part of the
aui
pressure-rate of strain correlation tp-5--(. ] A will be important.
Its energy equipartitioning action will now appear as a
resistance againsLnistotropy imposed by the distortion process.
Theoretical analysis of such flow situation, reported by
Crow [34] suggests that this part of the pressure-rate of
strain correlation is proportional to the local mean rate of
strain.
A similar approximation had been suggested earlier by
Chou [23] and extended by Rotta [112]. The procedure followed
consists of expanding the mean rate of strain at position g
into a Taylor series about the point go leading to the following
expression in terms of the local mean rate of strain and its
derivative (evaluated at g
o
):
a 2U 	 au	 auU. au	 U.
	
m	 auildv(g)
	
_ 4 	 r ( m)(
rp
—x . )A = "Wax f( aX )g( aXi rlmj aX aX J bX X‘WCj
 Xm	 o
	
y t	 in n v	 4
(X -X )aILL + •••• 1n on Im0' (4.22)
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The coefficients of the series, represented by the
volume integrals were approximated in terms of the turbulent
stresses and a length scale. Restricting consideration only to
the first term, the approximation was then expressed in the
form':
U.	 au
=
im----
 
M. U Up aX. A 	 jt g r aXm
(4.23)
im i
where ait is a nondimensional universal constant, generally
nonzero for any combination of indices.
Hence, to aimmarise, the general form of the approximations
of the pressure-rate of strain term may be written:
4	 aill .	 ail .	 .	 61JJ. • 1 _.3.	 im-- jm--
-Ip t-7,-- +	 ) = (a. u u + a. u u )—t- - c-6-(u.u. - 4. e)
P bl—	 bx -	 It g t	 1/ s t axm	 e 1 3	 3 j4,
	
J	 1 (4.24)
From an analysis of the coefficients reported by Rotta
(although restricted to isotropic conditions) the following
relationship between the indices may be inferred
g =r= 3. 9 s=t=j ifitj
and g=s=m	 r=t=t	 j
In the differential equation for the shear stress in
quasi-parallel flow the expression reduced to:
au2	 s 2.--r 	 2 2--51 Ul
-c -uu
s2 e 1 27 /)(—aX2 4- ax1 ) = Ea2 lul	 al 1u2 JaX2
(4.25)
sRotta showed that in fact only the coefficients of the odd
velocity chrivatives are nonzero, hence the next approximation
would include the third velocity derivatives.
au. aui
— a. . caXk aXk
 - 3 13 (4.27)
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Viscous term 
The viscous term may be divided into two parts:
	
a2u.
	a2u,
	 au, au.
v(u	 +	 _
	
iaxk	3axk	 ..)(1(2	 axk axk (4.26)
The first part represents the viscous diffusion of the
turbulent stresses u.0 which is usually negligible if the1 J
turbulence Re is high.
The second part of the term may be regarded as a correlation
between the fluctuating vorticity components. At high Re
number the small scale eddies are round to be isotropic, hence
no correlation may exist between the different components of
the vorticity fluctuation. So, for if j, at high Re numbers
the term may be neglected.
For i j, the second part of the viscous term represents
approximately 2/3 of the turbulent energy dissipation,‘. Hence,
the following general term of the second part of the viscous
term may be written:
There is reasonable experimental evidence for the above
simulation. A number of workers have proposed, however, the
alternative formulation [42],[583[112].
aui au.	 u.u.1 1 
v---	 = caxk aXk	 2e I (4.28)
Here, the constant c should be unity if the indices are
equal, but with such a value the equation is not a close
1.53.
representation of the term for unequal indices. In practice
the choice between (4.27) and (4.28) has no effect on the
resultant simulated transport equation because the term
(4.28) is identical in form to the first part of the last
term in equation (4.24). Thus the empirical constant which
prefixes that term may be adjusted accordingly.
Turbulent diffusion 
The first part of the viscous term, combined with the
third term of equation (4.17) may be grouped in the form of
a divergence:
au. u.
	
- u.u.0 - 245 11 .	 5 u
	
aX	 1
	
k	 aXk	 3k	 pjk1	 ik j (4.29)
clearly indicating that all three terms Are of a diffusive type,
responsible for transport of u.0 across the flow. The turbulent3
transport occurs through two mechanisms i.e. by means of the
fluctuating velocity uk and the fluctuating pressure p. While
the first mechanism is local in natUre the second one is of
the integral type and depends on the complete flow (as may be
inferred from equation (4.19) for p).
It is known that for turbulent velocity diffusion of the
small scale motion, a gradient type approximation can be
regarded as an adequate representation of the process [124].
The diffusion for which the large scale motion is responsible
is of a different type and not directly related to the local
gradient of the time average of property which is diffused.
This part of the diffusion is usually regarded as being prop-
ortional to the product of the diffused property and the "bulk
convection velocity" [124]. The difficulties in specification
proportional to
afIT
2oX
e2
= c..
ij	 13g (4.31)
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of this bulk velocity for a general flow situation is probably
the reason that such a representation of the diffusion process
has not been used extensively in the past.
The transport due to the pressure fluctuation is difficult
to estimate and even more to represent by a single approximation.
Some experimental evidence including the results reported in
Chapter 3 of the present work suggest that the correlation pu2
which appears in the turbulent energy equation, is rather small
and could be neglected. However, the generalisation of this
concept to other components of pui may not be fully justified.
The approach based upon the equation for the pressure
fluctuation (4.19) used in the previous section for approximating
the pressure-rate of strain correlation may also be adopted for
estimating put . Thus, for instance, Rotta concluded that for
quasi-parallel flows, pu 2 is small while the terms pu l was
In view of the above discussion, it was considered that
the simple gradient representations of the complete diffusion
term may be regarded as a sufficiently good first order approx-
imation and it was adopted in the present work:
?u.u4
Eu .u.0 - 2.(o. u. + o. u ]	 - F. --2"-J-3. 3 k	 p 3k 3.	 j	 ij oXic (4.30)
The effective exchange coefficient F.. is expressed in3.3
terms of the scalar turbulence parameters e and and a constant
defined separately for each stress component:
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The approximate expression for uiuj uk may be arrived
at in a more formal way from the differential transport equation
governing the triple velocity correlation. Approximate closing
of this equation and neglect of convection terms shows that
uiuj uk can as a first approximation be expressed in the form of
auiu.
the gradient-1 . The analysis is contained in Appendix 5.axk
The adoption of a gradient representation for stress
diffusion is not inconsistent with the abandonment of the
eddy-viscosity representation for momentum transfer.
On physical grounds it is more justified since it relates
the turbulence parameters uiuj uk and u.0 only while the eddy3
viscosity replaces the turbulent quantity u.0 by mean motion1
parameters. Moreover, while the turbulent transport of momentum
is always one of the major terms in the mean momentum equation,
the stress diffusion term is often small in comparison with other
terms in the transport equation for u iuj and cruder approximation
may be satisfactory enough.
Source and sink terms in hear stress equations 
In the present model where only the equation for the shear
stress component is solved, it is necessary also to approximate
the normal stresses, contained in the generation term. Since
these stresses also appear in the approximate form of the pressure.
rate of strain correlation (which has the same form as the
generation terms), it is profitable to group them together and
apply a single approximation for them both. The sum of the two
mentioned terms for quasi-parallel flow yields:
bul
2 2
	 1)7371 ,I 2.--2 	 (al
	
—	 2 ?-.21.C cc2 1111-
(4.32)
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According to Rotta's evaluation the constants may be
assigned the following values:
12	 22
a2 1 = -0.2 ; al 1 = 0.8 (4.33)
Although these values may not be particularly precise, they
do indicate that the coefficients in front of1.76- and u 2 in the1	 2
rearranged term (4.32) are of the same order of magnitude and of
the same sign. It thus seems reasonable to assume that the term
within square brackets in (4.32) is proportion to e*. Hence
equation (4.32) may now be written in the form:
aUl
[a12	 ( 2 2	 1)u2 1 1	 a 1 1 -	 -cal e--aX
2
-+	 (4.34)
representing the total source of shear stress.
Similar grouping of the viscous destruction and the second
part of the pressure rate of strain term may be performed to
yield a single sink term. In the shear stress equation the sink
term reduces to:
cs2 
uiu2
	
(4.35)
(ii) Turbulent kinetic energy equation 
The equation for the turbulent kinetic energy may be solved
exactly with the exception of the turbulent diffusion term, for
which the general form of the gradient approximation (4.30) is
*Indeed, if Rotta's values are correct the term in square brackets
becomes 0.2(7 + u 2 ) and in most boundary-layer flows this is1	 2
very closely	 proportional to the total turbulence energy.
If this equation is
aui
multiplied by 2.)C
the exact	 transport
(see e.g. ref[39] or
a Ui 	 2
axic	 ax. axK t
-2v!I-1L aui auk - a--tu e' - val-1 - 2[
aXk aXt axt 	 axk k
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applied:
e2 22_(e'	 p)u2	 —ce 6 aX2
(4.36)
(iii) Transport equation for the turbulent energy dissipation 
A differential equation for the velocity fluctuation may
be derived when the time averaged parts are subtracted from
the time dependent general form of the Navier-Stokes equation
(2.2):
au. a. 1
at	 k	 T.. aXk i iu ,x,w7 _ u,	 )	 ) _ 2__( 
u 1
) _
au .
aXk
	 	
aXk	 p aXi
(4.37)
differentia-bedwith respect to X . , then
4
) and time averaged, it transforms into
ui a ui
equation for the variable v(---)(----) seaX
t 
aX
[573), which represents the dissipation
of turbulent kinetic energy:
2	 3
aUi aui auk au au	 21J.
at. 4. u	
-2v;c(-pr
	 +	
l) — 
2\7777— u 
aui
at	 k aXic	
-k t 
kbxt
t
3___[22 u.
p ax, ax ax
4	 5a	 5b 6	 7
(4.38)
(where e stands for the instantaneous value of the correlation
au au.
i 1 so that e= C I ).91. — ax
Recalling that the turbulent energy dissipation is
approximately proportional to the averaged square of the
fluctuating vorticity, the following approximate physical
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meanings may be assigned to each term in equation (4.38):
1. convection by mean motion
2. generation by vortex stretching action of mean rate of strain
3. generation from the mean motion
4. generation by the stretching action of the turbulent strain
5a and 5b.	 turbulent and viscous diffusion, respectively
6. viscous destruction
7. transport due to the pressure fluctuations.
For practical use, equation (4.38) has to be simplified
and the unknown correlations approximated in terms of u jui ande .
Although a general impression of the action of each of
the terms may be deduced, very little information is available
about their detailed behaviour and effects. Hence an intuitive
approach to their approximation has to be adopted.
Generation terms 
Assuming the existence of local isotropy, the generation
term (4) arising from the turbulence self-stretching, may be
regarded as small in comparison with the corresponding term
(2) which originates from the stretching of vortex lines by
the mean motion.
The third generation term, which arises from the mean
flow interaction with turbulence may also be regarded as being
considerably smaller than term (2) and in accordance with the
degree of the approximation adopted here it will be neglected*.
'Chou [23] has reported that in the equation for the fluctuating
vorticity decay the ratio of the terms corresponding to term
(3) and (2) is equal to the square of the ratio of the Taylors
microscale A to the integral scale L.
ea
uk E s = Ce g Xk
(4.40)
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It remains to specify a suitable approximation for terms
au. au.
(2). As a basis, a general form of tensor- 2-- —1 may beaXk aXt
considered. Since a contraction of the indices yields the
components of energy dissipation, the following general form of
approximation seems appropriate:
auj auk a22.. au/ 	 uiuk
21 2,X1 X,t,	 aXi aXk) =	 e1
(4.39)
where ce is the empirical constant.1
Diffusion terms 
The viscous diffusion term (5b) may be treated exactly
although, at high turbulent Re numbers, it is small.
Turbulent diffusion term (5a) i8 of the same form as the
diffusion term in the equation for u.u.. It is thereforej
consistent with that equation to simulate the term as:
Some justification for the use of the above gradient type
representation may be inferred from a consideration of the exact
equation for uk e' (see Appendix 5).
Viscous destruction 
The decay of the dissipation rate due to viscosity
(represented by the term (6)) may plausibly be expressed in
an approximate form as:
7177---;
ea
2v 2 ( ..7-41— ) = c
oXic o t	 62 e
(4.41)
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Correlation containing the fluctuating pressure 
Term (7) corresponds to the pressure diffusion term in
the transport equation for the turbulent stresses u juj . It
probably represents a similar type of process as the turbulent
velocity diffusion represented by term (5a). Some insight
into the nature of term (7) may be inferred from an analysis
which starts from the Poissonb equation for the fluctuating
pressure (4.19). This equation may be differentiated with
aui
respect to Xj , multiplied by	 and time averaged to yield
au.	 3
an expression for (22----1)r, analogous to the equation (4.20).
aX i aXj xo
The resulting expression contains two groups of terms one of
which represents the interaction between mean and turbulent flow
field and the other the turbulence interaction with itself.
Both contain higher derivatives of the mean velocity and
correlations of the higher fluctuating velocity derivatives.
Considering, therefore, the degree of approximation adopted
so far in the present model, it seems appropriate to neglect
these terms.
(iv) The final form of the set of transport equations 
The transport equations and their approximate closure
discussed above has led to the following closed system of
equations for quasi-parallel turbulent forms:
Mean momentum:
aUl
..)DUi 2--(v--- - 11 11.1 2 ) - 2LIDt	 aX2 aX2 (4.42)
Negative, kinematic shear stress:
Du1u22 all it1 2 	 aU1	 u1u2,
= 2--t(v+c
s
e )-----] -	 ( c e7z +sDt	 aX2	 aX2
'2 "1;
(4.43)
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Turbulent kinetic energy:
X2	
aUl
Dt
De	
-= 21--[(v+cei;3
	 ulu2
	
_ I
aX2a
Kinematic dissipation of turbulent kinetic energy:
De ulu 2	 2
=
;
t( + q, e2 )2/1-7 - c	 )c
; -
Dt aX2 	 e 2
(4.44)
(4.45)
(v) Simpler versions of the model 
For the reader who may be concerned only with predictions
of simpler flows than those considered in the present thesis,
it may be helpful at this point to discuss briefly some reduced
versions of the equation given above.
Firstly consider the shear stress equation. If diffusion
and convection of u1u2 are neglected then, as will be shown
later (see equation 4.52), the equation reduces to the Prandtl
Kolmogoroff formula for turbulent viscosity. This formula
could be used together with equations for e and g to provide
a two-eqaation model of turbulence. Such a model would yield
predictions very similar to those of the present model except
where convection and/or diffusion of shear stress is substan-
tial.
Alternatively, if only convection of shear stress is neglecte
equation (4.43) may be rearranged to give:
2 aUl C s	 2 aulu2e
-ulu2 c5--
	
c	 aX2	 aX2
s2
(4.46)
The above equation may be recognised as of the same form as the
extended eddy viscosity formulae considered earlier in Section 4.3
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The second term on the right, of course, corresponds to u 1u2 s.
(During an early stage of this research equation (4.46) was in
fact used in a model which in addition determined e from the
transport equation (4.10) and the length-scale from the algebraic
formula of equation (4.11)).
An equivalent simplification to that of equation (4.46) may
be made to the dissipation equation:
Cl	 aUl
rfla!
Ce
2 
u1u2 bX	 c	 g	 La bx2
	
2	 6 2	 2 - 
(4.47)
Thus a turbulence model which employs both equations (4.46)
and (4.47) would need to solve only a single transport equation -
that for the turbulent kinetic energy. The diffusion term on
the right of (4.46) and (4.47) would then be evaluated at an
upstream station where profiles of u 1u2 and e are known. In
slowly developing quasi-parallel flows such a model would appear
to offer a good accuracy and universality for a very modest
expenditure of computer time. It is possible, however, that
because of the substantial importance of the diffusion term in
the c-equation that the upstream evaluation may lead to
numerical difficulties.
Another objection to the above reduction of the transport
equations may be put forward on the grounds that far from the
solid surface, a mean convective transport may be comparable
with the turbulent diffusion (evident in particular in some
cases for the transport of turbulence energy and shear stress).
Hence, an omission of the convective term may not be fully
justified if the diffusion term is retained in the equation.
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Other various selections from the full equation set are
of course possible but these perhaps do not merit further
attention here.
(vi) Comparison of the present tuhbulence model with other 
similar mddels 
Although approximate forms of the transport equations
for each of the three turbulence parameters u 1u21 e and g
have been considered in the past by several workers, no proposal
for a closed set of equations in the form presented by equation
(4.42) - (4.45) is known to the writer. A brief comparison
with several similar models, discussed in section 4.2.3 may
therefore be illustrative.
Chou [23] and Davidov [39] proposed equations for
variables proportional to the turbulence energy dissipation as
components of more complex systems which included transport
equations for all double and triple velocity correlations.
The transport equation for the square of the fluctuating
vorticity, derived by Chou closely resembles the present
equation for c. In his equation the convection, generation and
desttuction terms are of the same form as thote in equation (14415)
but his total diffusion term is, rather implausibly dependent
upon viscosity.
Davidov considered the exact equation fors , and he too
proposed an approximate form identical to equation (4.45)
apart from the diffusion term uke'; this he retained in the
exact form, and provided atranspertequation for its determination.
Although no solutions of this set of the equations were reported,
the proposed empirical constants in the generation and
destruction term were very close to those established in the
present work.
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Harlow and Hirt [587 employ a set of the equations
similar to the present set (4.42) - (4.45) but consider
separate transport equations for each stress component.
-;171-1,
Their equation for (—, ) = /v is similar to equation (4.45)6.A.t
but it contains two more approximate terms expressed in the
form of the gradients of turbulence energy and stress components.
Their equation for the shear stress is also somewhat different
from equation (4.44), containing several more terms.
The values of the empirical constants used in the above
and the present model differ significantly. The difference
between the constants in the diffusion terms is particularly
' pronounced. In the Harlow-Hirt model they are one order of
magnitude higher than the values adopted in the present work
(see Table 4.3 below).
It may also be of interest to compare equation (4.45)
with the Rotta's length scale equations, used by Ng, Rodi and
Spalding (97,111]. Rêcalling that the turbulence energy
dissipation may be expressed in terms of energy itself and
dissipation length scale - e.g.(4.9), the transport equations
(4.44) and (4.45) may be combined to yield a transport equation
for LE (or for eL E ). Comparison of such an equation with the
Rotta's equation for L (or eL) reveals that the difference
appears only in the treatment of the diffusion processes, as
already discussed in the introductory part of the section 4.3.3.
(b) Solution 
(i) Evaluation of constants 
The system of the equations (4.43) - (4.45) contains
seven empirical constants:
Ce , Cs" C si , cs2 , Co 911 . Cg 2
U U 2
Cs1 =( 
1 2 ) (4.48)
166.
Four of these constants, denoted by "1" and "2" may be
fixed within narrow limits by requiring that the equation set
satisfies certain well-established experimental data. The
three diffusion constants are optimised by testing the
prediction model in other more complex flow situations.
Constants in the shear stress equation c si and cs2
In equilibrium flows near walls the convection and diffusion
of turbulence energy and shear stress are negligible compared
with the rates of production and dissipation. Equation (4.43)
and (4.44) thus reduce to:
aUl rulu2
C e-- =
s / aX2
and
. Iulu2 ax
2
ALT1
On combining these equations to eliminate g and -z 7.- there
bA2
results:
As reported in Appendix 4 1 various workers have found that
-u1u2/e is nearly constant over a considerable region near the
wall; the values for the ratio vary from about 0.25 - 0.3
thus implying csi should lie between about .06 and .09.
Several values within this range were considered in the
present work, the best overall agreement with experimental
data being obtained with c
si 0.07.
The experimental results of Uberoi [126] in an anisotropic,
shear free turbulence indicate that the constant c s should be2
approximately 3. In fact, tests were made for values of c s2
from 2 - 4, but the best value for predicting the asymmetric
features of the flow was 2.8, in close agreement with Uberoi's
data.
de (4.49)dt = -e
de
dt
e2
= - ct2 e (4.50)
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Constants in the dissipation equation	 and c12
The turbulent flow behind a uniform grid approaches closely
to isotropic conditions. For this situation the considered set
of equations reduces to:
Experimental measurements in this flow situation show that
during the initial period while the turbulence Re number is high,
the turbulent kinetic energy decays inversely with time (i.e.
e a t-1 ). Insertion of this result into the above equation
yields:
c = 2
2
In the equilibrium constant-stress layer near a wall it
aUl -u1u2	 - u1u23/2is well established that — = — and hence e -	 .aX2	xX2	xX2
By insertion of these results in the dissipation equation (with
convection neglected) it is readily deduced that:
Cc x2
c
e2 
= ce - c 3/21	 s 1
(4.51)
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111112 2
(Here the relationship	
csi has been used.)
Diffusion constants c c and c
e5	 6
Inspection of the shear stress equation in equilibrium
flows shows that it reduces to the eddy viscosity formula:
-U1U2 = - csig	 )(2	 (4.52)
Comparison of the diffusion terms of the equations for
u1 u2' e and e with equation (4.52) indicates that the exchange
coefficients in all equations are proportional so that the
ratio of c
s1 
to the diffusion constants c
s 
c
e , 
Cg may be
defined as the effective Prandtl-Schmidt numbers. The exchange
coeffiqents are not Expected to differ significantly, hence the
S 1
	
Si	 s 1
ratios — — and — should all be approximately unity.
c
s	
c
e	
cg
( ii ) Boundary conditions 
Free boundaries 
At free-stream boundaries, the set of the equations reduces
to:
ulu2 = 0
dUG_ 12.
PITGdX1 dX
TT deG
PuGdX1 = -tG
dgG 	
2
gG
PUGdX = -cg2eG1
(4.53)
(4.54)
(4.55)
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These relations permit a direct evaluation of all
variables at a free edge (denoted by G) at any downstream
position if initial values are specified'.
Symmetry axes 
In symmetric flows a distinction has to be drawn between
even profiles such as those for e and g and odd functions such
as shear stress u1 u2' At a symmetry axis
'
 the shear stress
is assigned a zero value, while the kinetic energy and
dissipation have zero gradients:
= 0-
- 0u1u2 =	 '0	 6X	 9 BX2 2
Solid boundaries 
Since only high Re number flows are considered, the
boundary conditions are specified near the inner edge of the
turbulent flow close to the solid walls.
The conditions for the mean velocity and turbulent kinetic
energy, discussed in section (4.3.2 - b(ii)) were applied in
the present model too.
The mean momentum equation combined with an assumed
logarithmic velocity profile served as a basis for the
specification of conditions for the shear stress equations.
Similarly a degenerate form of the kinetic energy equation
(with convection and diffusion terms neglected)was used to
provide the boundary conditions for the dissipation equation.
'Since the equations are formulated for high Re numbers, the
final stage of the decay of the turbulence parameters will not
be predicted very accurately.
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(iii) Considered flow situations 
For the purpose of optimising constants and of displaying
the capabilities of the physical model, a diversity of types of
quasi-parallel turbulent flows were considered in addition to
flows in plane channels. In all, predictions were obtained in
the following eight types of flows:
Asymmetric channel flows 
1. plane channel with one roughened and the other smooth wall;
2. smooth annulus with radius ratios r 1/r2 in the range of 0.08
- 1.0;
3. annulus with smooth outer tube and roughened core;
Symmetric channel flows 
4. plane channel with smooth walls;
Wall boundary layers 
5. flat plate boundary layer in zero pressure gradient;
6. plane wall jet with and without free stream velocity;
Quasi-parallel free flows 
7. plane jet in stagnant surrounding;
8. plane mixing layer
(iv) Reference experimental data 
Plane channel flows 
The experimental results discussed in section 4.3.2b
served here too as a reference. In addition, a collection of
the experimental data for fiction factors in various rectangular
channels reported by Hartnett et al [59] were used.
Annulus flow 
Among several experimental measurements of flow in a
smooth annulus, the data of C. Lawn [80] for a radius ratio
r1/r2 0.088 were chosen since they cover most of the turbulence
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parameters of interest. In addition, the small radius ratio
imposes pronounced flow asymmetry due to the large difference
in curvature between the inner and outer wall.
For friction factor, the data of several authors were
considered.
For the annulus with a roughened core, again the results
of Lawn [79] for r1/r2 0.52 served as reference experimental
data.
Boundary layer on flat plates 
Use was made of the data of Klebanoff [71] for the
comparison of the profiles of the various variables at a
particular station. For the variation of integral properties,
U.ce•
H12 , Tw/pUT4 and —v , the experimental results of various authors
correlated by Coles [29] were utilised.
Plane wall jet 
Here the results of Tailland and Mathieu [123] served as
a reference for the consideration of a wall jet in stagnant
surrounding. The results of several other authors [47] [95]
display similar behaviour of mean velocity and integral parameters.
There is, however, only very limited coverage of turbulence
properties reported in the literature.
For the plane wall jet in moving stream, the results of
Kacker [67] yielded sufficient information for the comparison.
Free flows 
For the plane free jet in still surroundings, the data of
Bradbury served as the reference, while the recent measurements
by Wygnanskiand Fiedler [132] in a plane mixing layer supplied
the reference experimental data for this type of flow. For
comparison of the rate of spread the results of other authors
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for the plane jet [61], [109] and the mixing layer [82] [88]
were also considered.
(v) Solution procedure 
The Spalding-Patankar numerical procedure was used for the
simultaneous solution of the set of the four differential
equations (4.42 - 4.45). In its original form it was organised
to treat the shear stress by an eddy viscosity type of turbulence
model. A slight modification of the method has therefore been
made to cope with the exact mean momentum equation.
The equations were solved on a digital computer. A single
computer programme was used to deal with all the considered
flows in which only the mass flow rate (or mean flow Re number)
and fluid properties were specified.
Initial profiles of mean velocity and turbulence energy
were usually assumed to be uniform, the turbulence level
being specified as a percentage of the mean velocity. Shear
stress was assumed zero everywhere. Injtial profile of dissipa-
tion was assumed either uniform, or calculated from the energy
profile and a ramp form of length scales in the case of the wall
flows.
Most of the considered flow situations are self-preserving
and initial profiles make no difference to the final results.
The exception is the plane wall jet in a moving stream where
the actual experimental data for U, e and u1u2 of ref.[67] at
a position 10 slot widths downstream from the jet exit were
taken as the initial profiles.
(c) Results and discussion 
(i) Optimum set of constants 
The following table displays the set of the empirical
constants for which the predictions gave best overall agreement
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with experimental data:
TABLE 4.3
cSi cs2 c £1
c
e2
c
s
 /c
e1 cs1/cs
c
s
 /c
s1
,
0.07 2.8 1.45 2 1 0.9 1.1
_
The optimisation procedure was performed by systematic
variation of the constants and comparison of the predictions
with the experimental data. The quality of the predicted
results was judged with reference to the criteria posed in
section 4.1.2. Thus, the greatestemphasis was placed on
predictions of the integral parameters and profiles of the
mean velocity, as well as the shear stress profiles in fully
developed duct flows where its variation may be deduced from
the pressure gradient and/or wall shear stress.
Profiles of turbulent shear stress, turbulence energy
and energy balance (which include the directly predicted
dissipation ) also provided evidence for assessing the predic-
tions. However, the considerable discrepancy between results of
various authors (even in the same flow situation) caused the
writer to treat such evidence with caution.
It is remarked that a variation in the values of the
constants by t10% from those given in table 4.3 causes a
negligible effect upon the overall predicted results.
Somewhat different values of certain constants (within ±15%)
however yielded slightly better predictions for particular flows.
(e.g. the constant c
si which influences primarily the level of
the turbulence energy and the level of its dissipation.)
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(ii) Results of predictions 
The presentation of the predicted results for the
considered cases is arranged to display first the direct
outcome of the solution, i.e. the variation of mean velocity
U shear stress 
u1u2' turbulence energy e and its dissipation
es . These are followed by a presentation of the integral
properties of interst, for some of the flows.
The reference experimental data are presented by the
actual measured points where these were available. Otherwise,
only an overall best-fit line is displayed.
Plane smooth channel 
The predicted profiles of U s u1u2 and e for the fully
developed flow in a plane smooth channel for Re= 57000 are
presented in figs. 4.7 and 4.8. The mean velocity measurements
of Comte Bellot [31], for the same Re number, are also plotted
together with the velocity profile of Laufer [76] for Rem= 61000
and the present experimental data for Rem. 59500, measured in
the 25 mm smooth channel. The agreement is generally good and
within the experimental variation among the three experimental
profiles.
Fig. 4.7 also displays the predicted shear-stress
distribution showing a good agreement with the profile estimated
from the friction factor measurements for the considered Re
number (shown in fig. 4.9).
The variation of the predicted turbulent kinetic energy
and the ratio u1u2/e is shown in fig. 4.8 with the experimental
*Those variables for which reliable experimental data were not
available have not been presented.
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data of Laufer and Comte Bellot. The results show that the
predicted profile lies between the two experimental results
and therefore within the experimental uncertainties.
The prediction of friction factor is presented in fig.
4.9 and 4.10. The first figure compares the predicted results
with the present experimental data, (normalised with maximum
velocity in order to display the experimental data obtained
from the Clauser chart). Fig. 4.20 displays the comparison
with some of the experimental results for the rectangular
ducts with both mall and high aspect ratios. The data were
replotted from Hartnett et al [59]. The diagrams show that
the predicted results agree well with the present experimental
data and with the results of other authors for similar flow
configurations.
Plane smooth-rough channel 
The prediction of the flow parameters in a plane channel
with one smooth and other rough wall are presented in figs.4.11-
4.17 and compared with the present experimental data.
The overall velocity profile is shown in fig. 4.11 and
details near each wall are displayed in universal co-ordinates
in fig. 4.13. Each shows good agreement with the measured data.
Only in the small region within about three rib heights is
thenea small discrepancy which arises because the predicted
profile follows the logarithmic law, while the measured
profile exhibits a small departure due to the displacement of
the virtual origin, discussed in Chapter 2. No attempt was
made to incorporate the virtual origin correction into the
prediction procedure. The shear stress distribution and
consequently the ratio of the rough to smooth wall shear stresses
1.76.
is in excellent agreement with the measured distribution.
Good agreement with experiments is also exhibited by the
kinetic energy profile and by the ratio u 1u2/e as shown in
fig. 4.12. Moreover the predicted positions of zero shear stress,
maximum velocity and minimum kinetic energy are in good
agreement with the experimental findings.
The balance of turbulence kinetic energy is presented
in fig. 4.14. The generation curve shows some discrepancy
near the rough wall as a consequence of the deficiencies in
the prediction of the mean velocity in this region mentioned
above. This deficiency is reflected also in the prediction of
the other two terms in the energy balance in this region. The
overall agreement can, however, be looked upon as satisfactory
considering the uncertainties in the experimental evaluation
(neglect of the pressure diffusion and estimation of the
dissipation by difference). The predicted gradient diffusion
seems to represent reasonably well the turbulent diffusion term.
Fig. 4.15 displays the predicted and measured variations
of the positions of zero shear stress and maximum velocity with
Re number. The very good agreement between the predicted and
measured positions of the zero shear stress plane (and, therefore,
of the ratio of the shear stress and the rough and smooth wall)
may be regarded as one of the main achievements of the present
models. The prediction of the position of the maximum velocity
is also good at higher Re numbers but shows considerable dis-
crepancy at lower Re-values. It is believed, that to some
extent this discrepancy may be attributed to inaccuracies in
the determination of Y at low Re numbers due to difficulties
in recording accurately the small values of total pressure
r 1 0 1B	 B(—)
al	 a r2
(4.56)
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differences of the double-pitot-tube outputs. As may be
expected, the satisfactory predictions of the shear stress
and mean velocity distribution leads to well predicted friction
factors for both smooth and rough wall regions as shown in
figs. 4.26 and 4.17.
Smooth annulus 
The results of applying the physical model to an axisym-
metric flow is illustrated in fig. 4.18 - 4.23 showing the
prediction of the flow in a smooth annulus. The radius ratio
of r1/r2 = 0.088 and Re number of 2.4 x 10 5 were chosen to match
Lawn's experimental conditions.
In this case, a small departure from the usual practice
was adopted in specifying the boundary conditions for velocity
near the inner core-tube surface to account for an influence
of the large curvature. Lawn's and other workers' data have
shown that the velocity at the edge of the sublayer falls
below the universal logarithmic profile (principally due to the
sharp fall in shear stress across the sublayer). Thus, the
free constant Bs/. was selected on the basis of available data
to depend on radius according to:
This led, for the flow conditions in question, to Bs = 4•3'•
1
*Experimental findings indicate that the slope of the logarithmic
velocity profile is also affected by the curvatures. However,
here the log-profiles are used only for the evaluation of the
boundary conditions and the above form of the correction is
sufficient.
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All profiles presented in fig. 4.18 to 4.21 agree well
with the experimental data. It is of interest to note that both
the predicted and measured positions of zero shear stress and
minimum kinetic energy are closer to the inner wall than the
position of maximum velocity. Moreover, the inner wall has
a higher shear stress than the outer wall. This result is
contrary to the findings in rough-smooth channel and arises as
a consequence of the flow curvature. Fig.4.22 displays the
variation of the position of zero shear stress and maximum
velocity with the radius ratio. An empirical correlation for
r proposed by Kays and Leung [88]:
-rrm	 1
r -r2 1	 (f2.)0.343 +1
r 1
(4.57)
is presented together with the measured values of rm for some
radius ratios obtained by Brighton and Jones [19], Johnson
and Sparrow [66] and the measured rm and ro of Lawn [803. Also
shown are the positions of zero shear stress ro for three radius
ratios, determined by Quarmby, [108], from the Preston tube
measurements of the wall shear stresses and the pressure drop
(which, according to Quarmby, are correlated by an expression
of the same form as (4.47) but with the index 0.343 modified
into 0.366).
The predicted variations of r m differ slightly from the
Kays and Leung correlation, but agree well with experimental
data of the other authors. Also , the predictions of ro are
in good agreement with measurements of Quarmby and Lawn. The
predicted variations of both r and ro show no appreciable
influence of Re number as was also found experimentally by
Brighton and Jones and Quarmby.
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Finally, the variation of the overall friction factor for
a smooth annulus with Re number is presented in fig. 4.23.
Several sets of the experimental data of various authors obtained
for the various radius ratios - as collected by F. Durst [43]
are presented with the best-fit line of the Lawn's measurements.
ri
The predicted results (obtained for — = 0.088) agree well with
r2
most of the displayed data, showing also no appreciable influence
of radius ratio.
Annulus with roughened core 
The predictions of flow in an annulus with roughened core
for r 1/r2
 = 0.52 are compared in figs. 4.24 and 4.25 with the
experimental data of Lawn [79] and [80].
The boundary conditions used here are the same as those
applied to the plane smooth-rough channel. For the outer smooth
wall, the best fit through the Lawn's data suggests a constant
B s about 6% smaller than the Patel's value of 5.45, used here,
but Lawn himself indicated a possible experimental error that
could have caused this discrepancy [79]. For the roughened
core, measured profiles for several Re numbers yielded somewhat
different values of both constants in the log-law-expression.
However, all data seems to be reasonably well represented if
the constants x 0.42 and Br = 3.2 (as used for the rough-wall
in the plane channel here) are used. Indeed, the roughness
patteyns in both Lawn's and the present author's experiments
are the same (square ribs with pitch-to-height ratio of 10),
and since the influence of the flow curvature for r 1/r2
 = 0.52
is very mall, the same representation of the velocity profiles
near the rough walls would be expected.
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The mean velocity profiles for two Re numbers are shown
in fig. 4.24, normalised with the friction velocity of the
outer smooth wall. The results show a very good agreement
excluding the small region within the two rib heights of the
core tube.
The predicted shear stress distribution, shown in fig. 4.25
agrees well with experiments for the lower Re number, but gives
about 10% smaller rough-to-smooth wall shear-stress ratio than
the measured one at higher Re number. Since the mean velocity
profiles normalised with U are well predicted, this discrepancyT2
is solely due to the disagreement between the predicted and
measured wall shear stress at the inner rough wall*.
The predicted profiles of turbulence energy, normalised
with the outer wall friction velocity are shown in fig. 4.25
for the two considered Re numbers. The experimental data were
not available (Lawn measured only 	 and 112 , but not 1713).
However, the displayed curves indicate an expected trend.
Attention is again drawn to the radii of zero shear stress
r
o
 maximum velocity r and minimum kinetic energy r e . Fig. 4.24
and 4.25 show that r
o
 lies closer to the outer wall (with smaller
shear stress) than rkor This finding is in an agreement with
those in plane smooth-rough channel but differs from the results
obtained in smooth annulus. This behaviour could be expected
considering the relatively small flow curvature in the present
*/t is pointed out that the displayed experimental shear stress
distribution was obtained from the axial pressure gradient and
the position r measured by a hot-wire anemometer. The overall
shear stress aofiles measured by a hot-wire anemometer (not
shown here) indicate, however, a smaller rough-to-smooth wall
shear stress ratio for both Re numbers.
181.
annulus. As far as the minimum turbulence energy is concerned,
its position occurs in all considered cases on the opposite
side of ro and rm.
The considered results indicate that the relative positions
of r
o
, rM and r e depend strongly upon the flow configuration and
its boundary conditions and will coincide only if the flow is
symmetric. It is pertinent to note, however, that the present
prediction procedure is capable of yielding the accurate
predictions of this interesting phenomenon in various flow
situations.
Boundary layer on flat plate 
A simulation of the experimental conditions of Klebanoff
[71] for the boundary layer on a flat plate in zero pressure
gradient was performed and the predicted profiles were compared
with the experiments for Re = 7700. The results are shown in
figs. 4.26 - 4.28. In the first two figures, the absolute
value of the lateral distance was used to illustrate the flow
developments.
The mean velocity and shear stress profiles (fig. 4.26)
show very good agreement with the measured data while the
predicted kinetic energy (fig. 4.27) shows rather higher values
for the chosen set of constants. Klebanoff's measurements of
kinetic energy resemble very much Laufer's measurements in
the plane channel. Both profiles are somewhat lower than the
results measured more recently by other authors in various wall
flows. Again, as an illustration, the kinetic energy profile
obtained for c81 = 0.08 is plotted, showing a better agreement.
The balance of turbulence energy is displayed in fig. 4.28.
The prediction of the generation term is very satisfactory,
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but the dissipation and diffusion profiles measured by
Klebanoff differ significantly from the predicted data.
However, Bradshaw [13] pointed out that Klebanoff's diffusion
term estimated by difference does not integrate to zero, indica-
ting that the measurements of dissipation are probably in error.
The diffusion term measured by Bradshaw is in considerably
better agreement with the predicted results.
The integral paramters, presented in fig. 4.29 and 4.30
are compared with the correlations proposed by Coles [29]. Of
the displayed parameters, the shape factor shows some discrepancy
(up to a% at low Re-number) but the predictions of the friction
factor and Re number based upon U T and b show a very good
agreement for R > 2000. For lower R 8 the predictions are not8
very reliable because of the character of the physical model
employments.
Wall jet in stagnant surrounding 
The prediction of the velocity and shear stress profiles
In a plane wall jet with stagnant free stream is presented in
fig. 4.31. The velocity profile agree5well with the experimental
data of Tailland and Mathieu [123] but the predicted shear
stress exhibits considerable large' peak value than the experi-
mental profile, although the behaviour is rather similar. The
predicted positions of the velocity maximum and zero shear stress
are, however, in full agreement with the experimental findings.
°A careful inspection of figures 4.29 and 4.30 reveals small
scatter of the predicted points. It is noted that the presented
results were obtained for different +values of constants during
the optimisation procedure (within -15%). The resultant irregu-
larities, as is seen, were very small and it was not thought to
be justified to repeat all predictions with the same set of
constants.
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The above discrepancy is consistent with the difference
between the predicted and measured rates of spread. The
predictions of the spread-rate defined as dX2H/dX19yielded
a value of 0.092 while the experiments of Tailland and Mathieu
indicate values between 0.07 - 0.076 (somewhat dependent on
Re number). The measurements of Myers et al [95] gave 0.078.
The quoted diescrepancies are difficult to explain in
particular in view of the considerably better agreement obtained
for the plane free jet to which the outer part of the plane wall
jet resembles.
No comprehensive measurements of turbulence energy and its
balance in this flow situation are known to the writer, and the
predictions of these results will not be discussed.
Well jet in moving stream 
The plane wall jet in a moving surrounding is not a self-
preserving flow and the specification of the initial conditions
has a considerable influence upon the predictions at a station
downstream. Here the experimental conditions of Kacker [67]
were simulated for the case of a thin lip (lip thickness to
slot height pa 0.126) and for a ratio of average slot exit
velocity to free stream velocity of U c/UG = 2.3. Because of
the finite lip thickness, the flow in the small region downstream
of the slot exit is not of a boundary layer type. Thus, the first
ten slot heights downstream were excluded from the present
consideration. The experimental profiles at this station for
U e and uu2 were fed into the computer programme to represent
the initial condition. The initial profile for dissipation
was evaluated by solving the differential equation for 6 only
while the other variables were kept fixed. This was performed
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by allowing the integrations to march fictitiously downstream
until the dissipation profile becomes unchanged. Then the
streamwise position was replaced by the initial value of X2/Xc
10 and the normal procedure for solving the complete set was
re-established.
X2The profiles of U 111122 and e at positions	 50 and
150 are shown in fig. 4.32. Again the mean velocity profile
shows very good agreement with the experimental data. The
prediction of shear stress is fairly satisfactory too but the
kinetic energy at station X2/Xc 50 shows considerably higher
values than the predicted data. The discrepancy appears to
be a consequence of the difference between the predicted and
measured decay rate of the turbulence energy (and to some
extent of the shear stress too). An attempt to improve the
predictions by varying the empirical constants was not successful
suggesting that the cause of the deficiency may be the
inadquacy of the initial dissipation profile. Indeed, some
testing with different values and shapes of the initial
dissipation profile indicated that this exerted considerable
influence upon the predicted results at these two downstream
stations.
Various integral parameters presented in figs. 4.33 - 4.35
show, however, satisfactory agreement with the measured values.
Quasi-parallel free flows 
In order to illustrate the application of the considered
model to flows where a solid boundary is absent, the predictions
of the plane free jet in stagnant surrounding and the plane
mixing layer are also presented. Both flow situations are self-
preserving and the predictions are free from any empirical
inputs concerning either boundary or initial conditions.
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The predictions of the plane jet are displayed in figs.
4.36 - 4.38. The mean velocity profile and the turbulence
energy agree very well with the experimental data of Bradbury
[12] although the shear stress exhibits some discrepancy in
the outer region. Considerirgthe experimental scatter, the
results should be looked upon as satisfactory.
The energy balance, displayed in fig. 4.38 shows that
the generation term is not predicted well due to the discrepancy
in the shear stress prediction, but the other terms are predicted
faikly well.
The parameters of the plane mixing layer are presented
in figs. 4.39 and 4.40. The predictions are compared with
the recent measurements of WygnanskLand Fiedler [1321. Although
the magnitude and shape of all profiles is in moderately good
agreement with the experiments, the e- and u 1u2-profiles seem
to be displaced towards the zero-velocity free stream edge.
It should be pointed out that the predictions assume zero (or
very small) values of turbulence energy at the moving edge which
does not correspond fully to the experimental conditions. It
is expected that the incorporation of free stream turbulence
would result in predictions in closer agreement with the
experiments, but this exercise was considered to be beyond the
scope of the present work. The predicted results illustrate
sufficiently well the capability of the considered model of
prediction of this type of flow.
The prediction of the rate of spread of the plane jet
yielded a value of dX21(dX1 . 0.102 compared with pto 0.11,
found by Bradbury and several other investigators (see e.g.
Rod! and Spalding [111]). Similarly for the mixing layer the
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predicted rate of spread dX2c/dX1 was found to be 0.15 (where
X2c is the distance between the points where U/Um 0.1 and
0.9 respectively). The experimental data of various authors
vary between 0.125 (Reichardt [109]) to 0.20 (Wygnanskiand
Fiedler [132]) although several workers have reported the
values of 0.15 and 0.16 (e.g. Liepmann and Laufer, Maydew and
Reed [88]). It should be pointed out here that a small
adjustment to diffusion constant cat or ce may yield the result
even closer to the experimental results. So for instance, with
cal/c c . 1.0 instead of 1.1 as adopied here, the predicted rate
of spread of plane jet becomes 0.110 and that of the mixing layer
0.162. (The same effect is produced if c si/ce is decreased
from 1.0 to 0.9 instead.) It 'is, however, considered that the
predicted values with the adopted set of constants is fairly
satisfactcbry and within experimental uncertainties.
4.3.4 Summary of the theoretical findings 
(i) The two theoretical approaches have been explored for
the purpose of predicting strongly asymmetric, quasi-parallel
incompressible turbulent flows at high Re number. Both
procedures use the Spalding-Patankar numerical method for the
solution of the resulting equation, but they differ in the
nature of the physical model adopted.
(ii) The first model made use of the Kolmogoroff-Prandtl
eddy viscosity formula but added an additional term to account
for the flow asymmetry. A differential equation for the tur-
bulence energy and an algebraic expression for length scale
were employed.
The model did not yield satisfactory predictions of the flow
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in plane channels and was subsequently discarded.
(iii) The second model consists of a closed set of four
partial differential equations for the conservation of mean
momentum turbulent shear stress, turbulent kinetic energy and
energy dissipation. The set contains seven empirical constants,
four of which were determined a priori by applying the equations
to well known simple flow situations while the remaining three
constants were optimised through the computer experiments by
considering other flows.
For the purpose of testing the model and optimisation of
the constants as well to illustrate the capability and
universality of the model, several types of duct flows, wall
boundary layers and quasi-parallel free flows were considered.
With a single set of empirical constants, the model yielded
predictions of various flow properties which were in good
agreement with experiments.
The following are the salient features of the predicted
results:
Mean velocity profiles 
The predictions of the mean velocity in all considered
cases agree well with the measured results.
Shear stress and kinetic energy 
The model yields directly the prediction of the turbulent
shear stress which for most of the considered cases agrees
within the accuracy of the experimental data. The predicted
profiles of the turbulence energy are of similar quality.
Turbulence energy balance 
The predicted components of the turbulence energy balance,
for several flow situations agree fairly well with the experimenta
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findings. The gradient-type representation of diffusion
processes, adopted in the present model gives satisfactory
agreement for energy and shear stress diffusion.
Integral parameters 
The integral parameters show good agreement with
established correlations.
A summary of some of the universal parameters of several
simple wall and free flows is presented in Table 4.4.
Special features of the predictions 
A characteristic feature of strongly asymmetric flows is
that the position of zero shear stress and the location of
stationary values of other local properties of the flow will
usually not coincide. These features are all faithfully
reproduced by the final turbulence model developed in the
present research.
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CHAPTER FIVE
5. CONCLUDING REMARKS 
(a) The present research programme 
The objectives of the present investigations, posed in
the thesis Introduction 1.1 and more specifically in the
introductory sections of each of the main chapters, 3.1 and
4.1 have on the whole been achieved. The main findings have
been summarised at the end of each chapter, so here it may
suffice simply to draw together the main threads:
(i) The detailed experimental research of the flow structure
in a plane channel with asymmetric boundary conditions
has revealed both well-known and not-so-known features.
To deal with the familiar aspects first, measurements
near the smooth wall and (over an extensive region) near
the rough wall have shown that in these regions the mean
and turbulent fields appear to be indistinguishably
different from those which arise in symmetric flows near
walls. In the central region of the flow, however, where
the two wall-dominated flow regimes interact, no such simple
description is possible.
The experimental programme provided details of the turbulence
structure to a finer level than that at which it was felt
possible to model the flow. Its outcome did, however, guide
the theoretical research in two distinct ways. Firstly,
it provided a set of reference data against which to assess
the prediction capabilities of the various turbulence
models tested; indeed, the distribution of shear stress
and mean velocity, established early in the research.
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programme, enabled the author to rule out of consideration
purely eddy-viscosity models. Secondly, the data provided
guidelines as to what would appear to be reasonable closing
approximations in the chosen set of transport equations.
(ii) The main outcome of the theoretical research is the
provision of a turbulence model for the prediction of the
hydrodynamic properties of quasi-parallel, incompressible
flows at high turbulence Re number, exhibiting an arbitrary
level of asymmetry. The model is based upon the solution
of three transport equations for turbulence properties
which are solved simultaneously with the mean momentum
equations. With a unique set of empirical constants the
model leads to predictions of a wide range of free and wall
boundary layer flows which are generally within the accuracy
of the available experimental data. To the author's
knowledge, this degree of universality can be claimed by no
other developed prediction procedure.
(b) Extension of the present work and suggestions for 
future research 
(i) Experimental investigations 
From an engineering standpoint the most urgent need is to
extend the present work to include measurements of the mean
and turbulent temperature field in strongly asymmetric non-
isothermal flows. The turbulence measurements should include
both the turbulent heat flux u29and the turbulent diffusion u2e.2
As far as hydrodynamic studies are concerned the biggest
gap in knowledge concerns the correlations involving either
fluctuating pressure or spatial derivatives of the fluctuating
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velocities, or both. Several hypotheses employed in most of the
current prediction methods, concerning these correlations have
still to be tested. The reliable measurements of these quantities
however, requires refinement of the present or development of
the new experimental techniques. The use of optical methods
for the turbulence measurements, currently under development
in this department and elsewhere seem to promise to fulfil at
least partially the above demands. They will enable all compon-
ents of the turbulent energy dissipation	 7 to be measured and
hence the pressure fluctuation terms in energy equations could
then be deduced by difference.
(ii) Theoretical investigation 
Although a great number of important flow configurations
can be dealt with the present prediction procedure, the imposed
restrictions, stated earlier, limit its applicability to a
relatively narrow class of the general flows. The present model
can be extended to more complex flow situations in which some
or all of the above restrictions are relaxed. Some of these
extensions are discussed below.
Two- and three-dimensional flows Excluding the mathematical
aspect of the problem the present physical model may easily be
extended to the consideration of general types of two-and even
three-dimensional flows, by employing transport equations for
all relevant momentum and stress components. The approximate
closure of the stress equations can be performed following the
general procedure discussed in 4.3.3(i). The transport
equation for the turbulent energy dissipation in the present
form may be used in conjunction with the above equations to
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form a closed set of the equations. At some future date,
however, it may appear profitable to employ separate equations
for each component of the energy dissipation. These equations
may be formulated in the same way as the equation for the total
dissipation used in the present work.
As far as the mathematical side of the problam is concerned,
a general numerical procedure for the solution of the elliptic
partial differential equations governing steady, two-dimensional
recirculating flows is already developed* and thus the present
model, with the extensions discussed above, may immediately be
applied to predict this important class of flows.
Low Re-number flows The extension of the present model
to the flows with low turbulence Re-number is of great practical
importance. It would enable the consideration of the turbulent
wall flows to be extended right to the solid surface including
the viscous sublayer. It would, therefore, free the model from
the need to specify empirical boundary conditions at the inner
edge of the turbulent fluids. The model could then be used for
the consideration of flows where the sub-layer structure is
not in an equilibrium state.
Considerable progress on this problem has recently been
undertaken in this Department by W.P. Jones. Although presently
restricted to turbulent-viscosity type of model, employing
transport equations for the turbulent energy e and its dissipa-
tion e only, considerable success has already been achieved
at predicting the reversion of a turbulent boundary layer
towards laminar in strong acceleration.
*Gasman, Pun, Runchal, Spalding and Wolfshtein: "Heat and Mass
Transfer in Recirculating Flows", Dept.of Mech.Eng. Imperial
College, SF/R/3 (1968).
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Heat transfer and compressible flow If the temperature
difference across the flow is not large, the present set of
the equations for the incompressible flow may fully be applied
for the predictions of the heat transfer. Clearly, the
transport equation for the mean total enthalpy has to be solved
too. This equation contains the correlation of the fluctuating
temperature and velocity Ou representing the turbulent
transport of enthalpy; the term corresponds to the turbulent
stress tensor in the mean momentum equation. For the accurate
predictions of strongly asymmetric flows with heat transfer -
to be consistent with the level of the approximation adopted
in the hydrodynamic model - approximately closed in the transport
equations for the components of iF correlation should also be
solved (only the Ou 2-component is relevant in quasi-parallel
flows). These equations closely resemble the equations for
the components of the turbulent stresses and may correspondingly
be closed by the use of the similar approximation procedure.
If the flow is compressible either due to the large
temperature variations or due to high Mach number, several new
terms, containing correlations of the fluctuating density and
velocity appear in the hydrodynamic equations of the present
model. A hypothesis proposed by Morkovin s , according to which
the turbulence structure will not be seriously affected by
compressibility if the fluctuating Mach number is much smaller
* Morkovin, M.V.: The Mechanics of Turbulence (ed. A. Favre) -
Gordon and Breach, New York (-1964).
195.
than unity gives, however, some grounds for neglecting these
terms, at least to the first approximation. The compressibility
effect upon the mean flow field can then be introduced through
the mean density variation which is calculated as a function
of the mean temperature and pressure from the universal gas
equation.
C ,c cs l s2
C
c
4.43
4.9
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NOMENCLATURE
Equation 
Symbol	 Meaning	 of first 
appearance 
A	 constant in modified algebraic length
scale equation	 4.11
A..	 twice the mean rate of strain	 A.4.4
a,b,c	 constants	 A.4.9
a	 internal height of flattened pitot
tube
constant in additional term of
modified algebraic length scale	 A.4.11
B(e)
	
free constant in a general universal
velocity expression	 2.14
Br ,B s 	free constant in universal velocity
expressions for rough and smooth
wall respectively
distance between the wires of an
X-hot wire probe
C,c	 constants in various equations
C1, .( k1 )	 one-dimensional cospectrum	 2.28J
sensitivity of hot wire 	 3.2
c
a
	constant associated with additional
shear stress term
	
4.12-4.14
c
c
	correction constants associated with
eddy viscosity	 4.12-41.4
c
e
	constalt in turbulence energy equation 4.44
constants in shear stress equation
constant in approximate expression for
energy dissipation
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ceg cei 9Ce 2 	 constants in dissipation equation	 4.45
constant associated with eddy viscosity
expression	 4.3
channel width
thickness of hot wire
height of Stanton tube	 3.17
external diameter of Preston tube	 3.18
de	 effective duct diameter
de
r
,de
s
	effective diameters of rough and smooth
wall regions
E. .(r)	 even part of two-point correlation	 2.2911]
time averaged turbulent kinetic energy 2.12
e'	 fluctuating turbulent kinetic energy
flatness factor	 2.19
Fij (k i ),F ili oci) one-dimensional spectral density of uiuj 2.26 & 2.
F.. ,	 one-dimensional spectral density of u.u.0 	 2.3313,tkk1 r	 1 3 t
spectrum tensor	 2.21
frequency
friction factor
f (...)
	
function of ...
generation rate of turbulent kinetic energy
H12	 shape parameter of boundary layer
constant in equation for spectral
distribution in inertial subrange	 2.45
K .()	 two-point pressure-velocity correlation A.1.1
height of roughness ribs	 2.13
k,k1 ,k 0	 correction coefficients in equation for 3.3, 3.4
effective velocity cooling hot wire	 and A.2.1
1984
vector wave number with componsnts
k1' k2 and k 3	2.21
length scale	 4.3
L.i .	 integral length scale tensor 	 2.35 & 3.35n
t hot wire length	 3.16
t mixing length	 4.2
length scale tensor representing
tijt
large eddies	 2.36
exponent in hot wire response
equation	 3.2
0
17.1
(n 	 odd part of two-point correlation	 2.30
P probability function	 2.18
P mean static pressure	 2.2
APPr	Preston tube reading	 3.18
APSt	Stanton tube reading	 3.17
P fluctuating pressure 	 2.2
Qk	turbulent diffusion of diddipation rate
of turbulence energy	 A.5.8
Q. 
,3.( k1	 one-dimensional quadrature spectrum	 2.281 
deURe	 mean flow Reynolds numberVDU
Rem	reference duct Reynolds number
2 vde U
_"LLE_ILLa=Re	 Reynold number for smooth,
r,s
rough wall regions respectively
oUG
Re .	 momentum thickness Reynolds number
	
0	 vl
.2,Re
X .
	 turbulence Reynolds number
v
R..	 me-pointcorrelationofu.-and u.-
	
1J	 1	 J
fluctuating velocities
R1. 9J.( i. )	 two-point correlation of u i- and u -
fluctuating velocities A.1.1
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A.1.1R..
	
two-point correlation of u.u. and u
ti394.	 13
R. .(,T)	 two-point space-time velocity
correlation tensor
vector separation with components rl,
r 2 and r 3
1 ,r 2 inner and outer radius of an annulus
respectively
re	radius at which turbulence energy is
2.21
minimum
rM	 radius at which mean velocity is
maximum
r
o
	radius at which turbulent shear stress
is zero
skewness factor 	 2.18
S ijk	 triple velocity correlation at one
point	 A.5.1
time co-ordinate	 2.2
mean velocity in Xi-direction
U
c
	mean velocity at slot exit of a wall
jet, also convection velocity
U
eff
	
effective velocity cooling hot wire	 3.2
UG	mean velocity at free edge of tur-
bulent flow
U.	 mean velocity components (i	 1, 2
& 3)	 2.1
U.	 mean velocity indicated by pitot-tube 3.11
UM	
maximum mean velocity 	 2.17
U
o	
characteristic velocity scale 	 2.13
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wall friction velocity 	 2.17
Tr,s
	 friction velocity at rough, smooth
wall respectively
overall bulk mean velocity
r,s
	 bulk mean velocity in rough, smooth
region of the channel
instantaneous velocity vector
u.	 fluctuating velocity components
(i . 1, 2, 3)
	
2.1
u.	 r.m.s. of the fluctuating velocity
components
V	 D.C. voltage signal
	
3.2
V
o
	D.C. voltage signal of hot wire of
zero velocity	 3.2
fluctuating voltage signal
r.m.s. of fluctuating voltage signal	 3.4
W(k,U)
	
wave number-velocity spectrum function 2.23
square of the frequency-variable in
Spalding's transport equation
X
c
	height of the slot of a wall jet
X.	 co-ordinate axes (i 	 1, 2 and 3)
	
2.1
X2' R 	 lateral co-ordinate measured from
smooth, rough wall respectively
X2C	 characteristic flow width
X2H	 value of X2 where the mean velocity
equals half the maximum velocity
oft/
X2 ,X2-co-ordinate respectively at
which turbulence energy is minimum
201.
YWYM
	 X2' X2-co-ordinate respectively at which
turbulent velocity is maximum
Ito Ito
	 X2	respectivelyrespectively at which
turbulent shear stress is zero
Y TO	 X2-co-ordinate at which total shear stress
is zero	 2.6
a,	 parameters defining roughness shape
and configuration	 2.13
aM.,2
	 angles of principal axes of mean rate of
strain
	
3.20
a s	
angles of principal stress axes	 3.19
1,2
a ma.	 non-dimensional coefficient 	 4.23n
r	 turbulent exchange coefficient	 4.7
Y	 intermittency factor	 2.20
Y	 coefficient in extended turbulent
viscosity formula	 4.4
boundary layer thickness
5..	 Kronecker tensor
rate of turbulent energy dissipation 2.46
displacement of virtual origin of
rough wall universal velocity profile
1	 Kolmogoroff length scale
0	 momentum thickness of boundary layer
von Kaman constant 	 2.14
ribs spacing
constant in mixing length expression
Taylor microscale tensor
lijt
velocity correlation
fluid density
a
	 Prandtl-Schmidt number
time separation
shear stress
TT4	 wall shear stress
shear stress at rough, smooth wall
r,s
respectively
Ø.(k 1 )
	 normalised one-dimensional spectral
density of u.u.1J
0.2J (k1 )normalised one-dimensional spectral,
density of
1	 t
Kolmogoroff velocity scale
4.8
2.21
202,
11111T
	 dynamic molecular and turbulent
viscosities respectively
V vT	 kinematic molecular and turbulent
viscosities
ve 	"modified" viscosity in Perry's
expression for rough wall universal
velocity profile
non-dimensional co-ordinate 	 4.11
correction factor in expression for
effective velocity cooling hot wire 	 A.2.2
3.14159
n(k1 )	 one-dimensional cospectrum of pressure-
2.5
2.34
it(ki) symbol denoting one-dimensional
spectral densities of inhomogeneity
terms in spectral energy balance
equation 2.34
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ç(k1)	 one-dimensional spectral density of
turbulence energy dissipation	 2.34
frequency, angular frequency
Subscripts 
a	 algebraic, additional
A	 refers to mean rate of strain
denotes difference
refers to turbulent kinetic energy
denotes fluctuating part of a signal
Gaussian
denotes conditions at free edge of turbulent fluid
refers to maximum (velocity)
denotes rough wall
o	 refers to zero turbulent shear stress
denotes smooth wall
refers to turbulent stresses
denotes wall
refers to turbulence
refers to turbulent energy dissipation
Superscripts 
denotes time averaged and space averaged (bulk)
properties
denotes root mean square of fluctuating signal and
co-ordinate measured frommugh wall (ribs root)
denotes "law of the wall" non-dimensional co-ordinate!
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Appendix 1: Equation for the spectral energy balance 
The dynamic equation for the two point velocity correla-
tion may be derived from the equation (2.2):
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where	 R. ( E! )	 u!u"
1 14,	 I A,
R.	 .(i.)	 u!ututy111
K	 p'u"p,1
Transformation of the equation into a new co-ordinate
system ( Xi ,ri ) defined as:
	
X. = (X! + X'.0 and Jr.	 - X!1	 1	 1	 1	 1	 1
and considering only steady, one-dimensional fully developed
flow yields:
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It may approximately be assumed that the brackets
containing the sum of the correlations represent the even
part, while the brackets containing the difference represent
the odd part of these correlations i.e.:
R..1[R.+R.]+ +[R.	 - R
	
+ 0.l l t 	 2 	 19/	 t91	 11/	 19t
(A.1.3)
(In the case where i t, the correlation is necessarily even,
hence O.= 0 and R.1,1	 1 1 	 1,1
Thus, equation A.1.2 may be written in the form:
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(The use of the continuity equation yields —2 -2--2 .)BX	 BX
The equation (A.1.4) may now easily be converted into the
1 k1 ldrr..one-dimensional spectral form by multiplying it by 7e 1
and integrating over the domain (-09 +0) resulting in an
equation for the spectral energy balance:
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where
4-co
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- — 
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represent the cospectra of the u!uU velocity correlation and3
Wu!' pressure velocity correlation respectively;1
+)	 0,191
ç(k1 ) = 2vj 1,2 e 	dr.].	 2vjjk2F(Z)dk2dk3 (A.1.8)?
-0,	 -co
represents the one-dimensional spectrum of the energy dissipation.
The terms:
*112 .	 r20192(r1)e
	 dr1
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represent the energy transfer within the wave number space.
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218.
Appendix 2: Error of the hot wire readings due to the non-
linear wire response 
The effective cooling velocity of a sloped wire in X1-X2
plane, which appears in equation (3.2), may be written in the
form:
U
eff	
f[(U
1
+u
1
)cos * + u
2
sin *7 2 + k 2 [(iyu 1 )sin * - u
2
cos] 2
Expanded into a series up to second order terms, the
equation (A.2.1) yields, for *	 45°:
1+k2ti ff U1 (77i7) ( 1-12)
where
271 3ulu2 1
-k 2 )	 • 112 22k22k 1
g12 = 4-7 	
4.
—(14/7(	 (	 1+k2 	 ( 171 1+k21
(A.2.2)
(A.2.3)
representing the residual of the second order terms, usually
neglected to yield g . 0.
For the sloped wire placed in the X 1-X 3 plane, the
expression for g is the same as (A.2.3) with u
2
 and u
3
 inter-
changed:
(113
U
1
 )22k2	
2k( 21 2 I
g13 = '' 1+k 2	'U
1
' 1+k2 (A.2.4)
In the case of the normal wire, the effective velocity is
given by:
Ti ff
	
- gi)
	 (A.2.5)
(A.2.6)
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where
if the wire is placed in X1-X3 plane.
The following values of the factor g (expressed in %)
representing approximately the error of the hot wire readings
due to the nonlinearity, were estimated in the region, close
to the rough wall where the neglect of the 2nd-order terms was
the most serious: (assuming k 	 0.23 and k l Re 1)
Position
X2/k	 ,
Normal
wire
Sloped wire
in X1-X2 plane
_
Sloped wire
in X1-X3 plane
2
3
_
3.5
2.0
5.5
3.5
3.5
2.5
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Appendix 3: Engineering Flow parameters 
Appendix 3 presentstabulated data or Reynolds number,
equivalent diameter and friction coefficients for 7 operating
conditions for each channel. Graphical comparison is made
on4rof friction factors. Two smooth-wall friction factors are
defined. One of these, f s , is based on the measured smooth-
wall shear stress and U
s
, the average mean velocity from the
wall to yo . In figure (A.3.1) f s is plotted as a function of
Re
s
, a Reynolds number based on D's and des , the equivalent
diameter of a duct of width 2yo.
The second friction factor, fL, is that obtained by
LIEcalculating the wall shear stress from
	 ondx	 the assumption that
y
o
 coincided with y . f is plotted versus a Reynolds number
based upon Um and dem. This second evaluation of friction
factor and Reynolds number would have been the only basis for
interpreting these terms if no separate evaluation of smooth-
wall shear stress had been made; they are termed the 'apparent'
values.
One sees from figure A.3.1 that both the actual and
apparent friction factors lie above the data for the channel
composed of two smooth plates. The apparent values are approxi-
mately 55% and 40% higher than smooth-channel data for the 28 mm
and 54 mm channels respectively. The true friction factors are
in much closer agreement being respectively about 12% and TX
above the smooth-channel results. The reason the true friction
factors lie above the results for the smooth channel was dis-
cussed in section 3.5.3.
221.
'Apparent' and f true' friction factors and Reynolds
numbers were computed in the same way for the rough surface;
the results are shown in figure A.3.2. For each duct the
true friction factors are virtually independent of Reynolds
number whereas the apparent values increase slowly with flow
rate. The difference between apparent and true values is much
less than for the smooth surface partly because the percentage
difference between Tr and q is less and partly because 14 is
less than U.
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Appendix 4: Some details of the extended turbulent-viscosity
methods presented in section 4.3.2 
(i) Shear stress hypotheses 
Model of Hinze-Bequier 
In terms of the Lagrangian velocity correlation, the
turbulent transport of momentum may be written in the form:
If the instantaneous velocity U1(X 2 ) = U1 (X2 ) + u1(X2 ) is
expanded into Taylor series up to the second order term, the
equation (A.4.1) gives:
u u = 17-ro7-1 2	 2	 2aX2
a2U,
+71751T-C22	 2 aX22 (A.4.2)
where 171-217TC 
=VT - represents the kinematic viscosity.
Assuming that the effective distances, covered by fluid
to be affected by
particles in transporting momentum are large enough/nonuniform
aUl
distribution of u 2 and -X-- , but still sufficiently small that?2
the Lagrangian velocity correlation holds, Hinze expressed
u2 (0)X2 and u2 (0)X! in terms of u2' — and the travelling time
 aX2
t, to yield:
aUl	 al7
, 21 
n	
3.,_3	 a2U1
- u1 u 2 = u 2 t--- + L-------u2 E + ax2 22 aX	 2 (A.4.3)
In this expression the product of travelling time t and u 2 may
be regarded as to represent a length scale i.e. -61 2 a L. If it
is assumed that u 2 a el , the equation (A.4.3)	 may be rewritten
in the more tractable form given by equation 4.12.
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Third order model 
For an incompressible fluid Lumley [863
following expression for u.u.:3
proposed the
(1)
	
u.u.	 ze).. + abA.. +
	
3	 13	 13
() (1),
+a2(ce)..A")+d)q+fA(1)A (1) O. . + gA 1.	 A	 )
1 3 PP	 pg pg 13	 1P P3
(3)
+ a
3 (hel...A(3) + kA..
13 PP	 13
()	 2)	 (	 (1,+ mb..A (1)A(2) + n[A 1. A( . + A 2).	 A) J13 pq qp	 ip pj	 ip pj
(1) (1) (1)	 (1) (1) (1)+ sA.. A	 A	 + uA. A	 A . )13 Pq qp	 ip pq qi
+ ap 2 vv2A (1)	(A.4.4)
	
bIL	 b1J-(1)	 1where
	
	 + --
1
1 - is twice the mean rate of strainIjaX.aX.
3 
(n)
	
DA..	 AU(n+1) 
=	
1
3
A	 + A
(n) - m 
+ 
(n) Ijand	 rriij	 Dt	 im aX.	 Aim	 )1
c. (A.4.5)
ij - Kronecher tensor.
3In the limiting case z Te and ab = vT.
The universal coefficients represented by lower case
letters may be expressed in terms of the turbulence velocity
and time scale. The nondimensional parameters a and p define
respectively the fractions of the total time - and spatial
history of the flow pattern, which incluence the flow structure
at the considered point. These may be expressed as ratios of
the characteristic times and lengths of the turbulence to those
of the mean motion respectively.
x2	 x2
D (1- D ) (A.4.7)
s	 1 ,	 1
pg - X2 D-X2 (A.4.8a)
230.
In contrast to the time parameter a which is associated
with the rate of strain and its first and higher derivatives,
the first contribution from the spatial nonuniformity (represented
(1)by parameter 13) comes from the third order term-s72A...Inij
fully developed flow the time history is unchanged. Hence the
first contribution from the higher order terms comes from the
term representing the spatial nonuniformity which contains the
third velocity derivatives.
(ii) Derivation of the mixing length for a plane channel 
For fully developed flow in both smooth and rough pipe,
Nikuradse's mixing length is given by the following expression:
2X2 2	 2X A(a) h[0.35	 (31.2(1)	 0.15(1D N =	 0 (A.4.6)
where x = 0.4.
A more convenient independent, nondimensional variable
may be defined in the form:
which represents the influence of both walls upon the mixing
length at the considered point. This may be seen from the
alternative form of the above expression:
Expressed in term g, Nikuradse's mixing length profile becomes:
( L ) = x ( -D N (A.4.8b)
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Experiments show that the logarithmic velocity profile in
the central region of a plane channel has a smaller wake
component than that in pipe flow, implying a mixing length of
2X2somewhat higher value in the region of
	 ski 0.25 - 0.8.
In order to modify the mixing length expression (A.4.8b) for
the plane channel, a new term was added yielding a new expression
in the form:
x(ag + bg 2 + cg s )	 (A.4.9)
The constants a, b and c were found by requiring that the
new mixing length satisfied the same conditions at the wall
and at the symmetry line as the original expression (A.4.6).
These conditions yielded:
= mE g + 0.4g 2 - 6.4g 2 ]	 (A.4.10)
A comparison between (LO N and is is shown in fig.(A.4.1) (curves
(1) and (2) respectively).
In order to incorporate the unequal wall shear stresses,
an additional terms was added of the form:
The expression (A.4.7) representing the first approximation to
the Nikuradse's mixing length, was used for the predictions
of plane channel flow by some authors [20].
(L) -D ad- x.[Ag3	 Bg2] (A.4.11)
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which was required to satisfy the following conditions at
2X	 ZY
at	 2 
=1 (g =	 (L) ad=- 2'(1	
o)
( so , when Yo	, the term disappears)
and at
DX2 = yo > 2	 = x
lo
or at
D	 =
= yo < 7 D--X2 Io
In addition, the new mixing length was required to have
always negative curvature and gradient always smaller than x.
2y
These conditions were satisfied by B = 0 and A=321(1 --72),
so that the final expression may be written in the form:
=	 0.4g2 —	 + Ag a ]	 (A.4.12)
The mixing length given by the above expression is illustrated
in fig. (A.4.1) by curves 2 for yo = 0.5 (symmetric channel)
and by curve 3 for y = 0.2 (asymmetric channel). Also presented
are the corresponding ramp mixing lengths (curves 4 and 5
respectively) and the Nikuradse's expression (curve 1).
(iii) Evaluation of constants 
An equilibrium wall flow is characterised by the balance
of the generation and dissipation of the turbulence energy so
that the energy equation (4.10) reduces to:
-u12 4 x2C = ( (A.4.19)
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b1J1
u lu2 bx
2
el
=CE (A.4.13)
Combined with the shear stress expression (4.6) the above
condition yields:
u u
c c	 = ( 1 2 ) 2
s p
where
u 1u2 •C ' = c c [I +	 ]
11	 p, C	 IJ.I.
vT7c-
2
(A.4.14)
(A.4.15)
It is known that in equilibrium wall flows the ratio of the
shear stress to kinetic energy is approximately constant and
the length scales increase linearly with the distance from the
wall:
= const ; L a X2 	(A.4.16)
Also, the velocity distribution obeys the well-known universal
logarithmic law:
111112
aX2	xX2
The above conditions may be combined to give:
, u1u2 ) 312 LC =
(A.4.17)
(A.4.18)
-, 111112
)
3/2
Ce = (A.4.20)
(A. 4. 2 1 )
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By specifying that the length scale L should have a
slope of x near the wall (as implied directly by the
expression (4.11), conditions (A.4.18) and (A.4.19) become
respectively,
Since the conventional first order Kolmogoroff-Prandtl
model yields satisfactory predictions in the wall regions of
the plane channel and pipe flows, the additional shear stress
term should not influence the predictions in this region.
Hence one can specify the following constraint:
ccEs	 .
u
1
u
2 
%PT--aX2
so that c ' = C ,-
P
(A.4.22)
a 2U1	BUi	 Ul	 2	 13.1
Since in this region 	 and=- X2 BX2aX2 2 	 - X2 aX
	
2	 2	 2
the condition (A.4.22) may be rewritten for each of the three
considered models in the form given by 4.16 (a) - ( c).
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Appendix 5 Approximation of the turbulent velocity diffusion 
terms in the differential equations for tv.u. and
The differential transport equation for the triple velocity
correlation ijk u.1u.3 uk ' which represents the turbulent
-
velocity diffusion ujui may be derived from the Navier Stokes
equation (neglecting the viscous terms):
DS i . k	 aUk ku/
+ S.,	 + S.	 -	 +Dt	 13.taX	 iktax	 2,x	 flax
	
R.	 R.
+R.3k --a IL + R --1LX +	 + u.0	 +ik KaA.	 1.(X.	 1 3aXk
	
X	 a
(A.5.1)
where R1 . represents the double velocity correlation ujui.3
The approximation of Millionshtchikov may be used to
eliminate the superfluous fourth order correlation:
u.u.0 u	 R. .R	 + R. R. +13kt	 13 kt	 ik 3t	 JK 1, (A.5.2)
Following the same arguments as in section 4.3.3(i), the
pressure-velocity correlations may be approximated by:
aLT
mu.0 -112- + u.0 22— + s . — s bXn1	 OX2	 1 kaX.	 1 3aXic e i3k	 pqr (A.5.3)
The last term in the above expression representing the mean rate
of strain influence is of the same form as the first three terms
on the right of the equation A.5.1 and no separate treatment of
this term is necessary.
ae2 ulu2
2
ulu2u2aX= (A.5.7)
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Hence the approximate closed form of the equation reads:
DS.	 BUk 	BU.	 U.	 BR aR
s k. —X 1-) –	
ik
- R.Dt =	 + S IB
t 	
aX
	
ijkBX
t
	jktBX
t
	jt 6X
t
—R --Li - c- Skt aX
,	
e	 jk
.t
(A.5.4)
If the convective term is neglected, one can, hence,
expressSijk	thexplicitly in the form of a general tensor expression
BR.,BR.	 BR..
.	 -cf-f[R.	 R.	 1kSijk	
e` it aX '	 +Jt 6X
t
	R kt BX	 -
t
	
U.	 BU.
+	 . S 
—27113tBX	 Sjict&c	 iktBX (A.5.5)
If the terms in the second bracket are neglected, the
expression reduces to a gradient representation ofinSijk	 a
tensor form.
The above outcome may be regarded as a support to the
gradient approximation of the turbulent diffusion, although due
to the presence of the term containing the mean velocity gradientE
it should be treated only as a first approximation.
For the shear stress equation in quasi-parallel flows, the
expression (A.5.5) reduces to:
Bu2
	
2	 Buiu2
u1  u	 -oku u	 + 2u21 2 2	 e 1 2 BX
2
	2 BX2 (A.5.6)
compared with:
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as used in the present models.
Following the similar procedure, the eauation for the
U. 2
diffusion of dissipation Qk = vuke = vuk aX	 may be derived.
Applying the approximations at the same level as those used
for closing the equation for E l yields:
DQk
=	
aU.
Dt 
_Q 	 R	 c
	
tbX	 ktaX	 -1 ,x	  -	 Qk0 t (A.5.8)
Neglecting the convection, Qk may be expressed explicitly:
U.	 aR
Qk =	 n 1 +----1
'taiX	 1 (A.5.9)
as compared with the formula, used in the present model:
e2 	
Qk = 61 = -c--uk	 aX (A.5.10)
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